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LANDAU-GINZBURG MIRROR SYMMETRY CONJECTURE 


WEIQIANG HE, SI LI, YEFENG SHEN, AND RACHEL WEBB 

Abstract. We prove the Landau-Ginzburg mirror symmetry conjecture between in¬ 
vertible quasi-homogeneous polynomial singularities at all genera. That is, we show 
that the FJRW theory (LG A-model) of such a polynomial is equivalent to the Saito- 
Givental theory (LG B-model) of the mirror polynomial. 
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1. Introduction 

Mirror symmetry has been a driving force in geometry and physics for the last twenty 
years. During that time, we have made tremendous progress in our understanding of 
mirror symmetry, but several important mathematical questions remain unanswered. 

Historically, mathematical research focused on mirror symmetry between Calabi-Yau/Calabi- 
Yau models or Toric/Landau-Ginzburg models, rarely investigating the Landau-Ginzburg 
pairs. This was mainly due to the lack of a mathematical theory for a Landau-Ginzburg 
(LG) A-model, although there were geometric realizations of the Landau-Ginzburg B- 
rnodel in various contexts. In the mid 2000’s, Fan, Jarvis and Ruan invented FJRW 
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theory m motivated by the physical work [52] of Witten. This invention is a mathe¬ 
matical theory for a Landau-Ginzburg A-model, allowing mathematicians to investigate 
mirror symmetry between two Landau-Ginzburg models. In this paper, we prove a gen¬ 
eral LG/LG mirror theorem, which can be viewed as a Landau-Ginzburg parallel of the 
mirror theorem |l71ll81l33fl36] between Calabi-Yau manifolds established by Givental and 
Lian-Liu-Yau. For a survey on the LG/LG mirror symmetry and an outline of the current 
and related works, see [32]. 

The LG/LG mirror pairs originate from an old physical construction of Berglund- 
Htibsch [4] that was completed by Krawitz [27j . Let us briefly review this construction, 
called the BHK mirror [9j. Let IT : C N ACbea quasihomogeneous polynomial with an 
isolated critical point at the origin. We define its maximal group of diagonal symmetries 
to be 


(1) Gw = j(Ai,..., Aat) g (C x ) 7V W(\ix 1 ,...,\ n x n ) = W(xi,...,x n )} 


In the BHK mirror construction, the polynomial IT is required to be invertible PET], 
i.e., the number of variables must equal the number of monomials of IT. By rescaling the 
variables, we can always write IT as 


N N 

( 2 ) w = Y,W x T- 

i =1 j =1 

We denote its exponent matrix by Ew = ( a ij)NxN • The m irror polynomial of IT is 


W T 


N N 


EIK 


i.e., the exponent matrix E w t of the mirror polynomial is the transpose matrix of Ew- 
The mathematical LG A-model is the FJRW theory of (W, Gvy), and one geometry 
of the LG B-model is the Saito-Givental theory of W T , where the genus zero theory is 
Saito’s theory of primitive forms of W T [43| and the higher genus theory is from the 
Givental-Teleman’s formula [201149] . There is a longstanding conjecture that these A- and 
B-models are equivalent. 


Conjecture 1.1 (LG Mirror Symmetry Conjecture). Up to a change of variables, the 
generating function of the FJRW theory at all genera for (IT. Gw) can be identified with 
the generating function of the Saito- Givental theory of W T . 

We remark that FJRW theory is defined in m for any pair (IT, G) where G is an 
admissible subgroup of Gw- The BHK mirror construction applies in this more general 
situation, yielding a mirror partner (W T , G T ) where G T is a well-defined group dual 
to G constructed in EH2ZJ- However, when G T is nontrivial, we do not know the full 
mathematical construction of LG B-model for (IT t , G t ). For this reason, Coniecture ll.il 
is stated only for Gw on the A-side. 

Previous to our work, Conjecture 1 1.1 1 was known in a handful of cases with small central 
charge of IT, including 

• A-type singularities, by T. Jarvis, T. Kimura, and A. Vaintrob at genus 0 [24j and 
by C. Faber, S. Shradin, and D. Zvonkine at higher genus [12] . 

• ADE (or simple) singularities, by H. Fan, T. Jarvis, and Y. Ruan [13] . 

• Simple elliptic singularities, by M. Krawitz, T. Milanov, and Y. Shen [281138] . 

• Exceptional unimodular singularities, by C. Li, S. Li, K. Saito, and Y. Shen m- 
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Each case is important in its own right and contributes to the techniques developed 
in this article. On the other hand, in EZj Krawitz shows that at the level of Frobenius 
algebras, Conjecture 11.11 holds for “almost all” invertible polynomials. More explicitly, he 
proves that the FJRW ring of (W, Gw) is isomorphic to the Jacobi algebra of W T when 
no variables of W have weight 1/2 (see Theorem 12.141) . 

The main result of this article is to show that the generating functions of both theories, 
at all genera, are the same in this case. 

Theorem 1.2. The LG mirror symmetry conjecture holds for all invertible polynomials 
at all genera when no variables ofW have weight 1/2. 

Theorem fh 21 follows from a powerful reconstruction theorem for both the LG A- and 
B-nrodels, which is the main achievement in this article. By the classification of invert¬ 
ible polynomials in terms of atomic type as in Theorem 12.11 the special cases left out 
in Theorem 11.21 are only the invertible polynomials containing a special chain summancQ 
W = xf 1 X2 + x^ 2 x 3 + • • • + + x ^ with on = 2. Our reconstruction result in fact 

shows that Conjecture 1 1.11 holds once the Frobenius algebras and some genus zero 4-point 
invariants are identified. Two such examples are the exceptional unimodular singularities 
W = Z 13 ,W 13 , for which Conjecture 11.11 was proved in m- The identification of the 
Frobenius algebras of the other special cases requires the computation of some unknown 
FJRW invariants. This problem will be explored in future works. 

Outline. In Section^] we review the A-model FJRW-theory and B-model Saito-Givental 
theory as well as the mirror construction. In Section [3j we outline the proof of the main 
theorem via several reconstruction results. In Section 01 we develop technical prepara¬ 
tions for our reconstruction theorem and prove the conjecture for Fermat polynomials as 
a warm-up towards the general cases. In section [5] and El we prove Theorern 11.21 fully via 
explicit calculations on both sides and the reconstruction method. 

Acknowledgements. We would like to thank Huijun Fan, Tyler Jarvis, Yongbin Ruan, 
and Kyoji Saito for their insight and consistent support of this project. We would like 
to thank Huai-Liang Chang, Jeremy Guere, Changzheng Li for helpful discussions. In 
addition, W.H. would like to thank Pedro Acosta, Huazhong Ke, Dusty Ross. S.L. and 
Y.S. would like to thank Hiroshi Iritani and Todor Milanov. Y.S. is partially supported 
by NSF grant DMS-1159156. R.W. acknowledges the support of a National Science 
Foundation Graduate Research Fellowship under Grant No. DGE-1247046. The authors 
began their final collaboration on this project while they were visiting the University of 
Michigan for the “Workshop on B-model aspects of Gromov-Witten Theory” in March, 
2014. We thank the university for its hospitality. 

2. A REVIEW OF THE A- AND B-MODELS 

2.1. A-model: FJRW theory. One mathematical construction of an LG A-model was 
given by Fan, Jarvis, and Ruan mm, based on a proposal of Witten [52] . This con¬ 
struction is called FJRW theory after its creators. Let W be a nondegenerate quasihomo- 
geneous polynomial and let G be an admissible group. Briefly speaking, FJRW theory is 
an intersection theory on the moduli space of solutions to the Witten equation on orbifold 
curves for the pair (W, G). 


^Coniecture ll.ll is true for the Ai-singularity W = x 2 although it also contains a weight 1/2 variable. 





4 


WEIQIANG HE, SI LI, YEFENG SHEN, AND RACHEL WEBB 


We begin with a polynomial W E C[xi,... xjv] that is quasihomogeneous ; that is, there 
exist positive rational numbers q\, q- 2 , ■ ■ ■, qN such that 

W (X Ql xi,c q2 X 2 , • • •, X CIn xn ) = A W (xi,X 2 ,... ,xn), for each A E C x . 

The numbers qi,...,qN are called the weights of W. The central charge of W, which can 
be thought of as the “dimension” of the LG theory, is defined by 

N 

(3) c w = YX1 - 2 qj). 

3 = 1 

We call W nondegenerate if it has an isolated critical point at the origin and it contains 
no monomial of the form XiXj for i j. This implies that each weight is unique and 
qj € Qn (0, [;4Qj. We call a nondegenerate quasihomogeneous W invertible if it has the 

same number of monomials as variables. We say W is a disjoint sum of polynomials W\ 
and IV ‘2 and write W = W\ © W 2 if the variables in W\ and W 2 are distinct. 

All invertible polynomials have been classified by Kreuzer and Skarke. 

Theorem 2.1 Q29], Theorem 1). A polynomial is invertible if and only if it is a disjoint 
sum of the three following atomic types, where a > 2 and a* > 2 : 

• Fermat: x a . 

• Chain: xf L X 2 + x^x^ + ... + x a ^Z\^N + x °n ■ 

• Loop: x“ x X 2 + x^ 2 x ’3 + ... + x a jf x\. 

Finally, we define Gw to be the maximal group of diagonal symmetries of W in dTJ) . 
Since our goal is to prove the LG Mirror Symmetry Conjecture 11.11 in what follows we 
only discuss the FJRW theory of {W,Gw) for invertible polynomials W with the form in 
©■ 

2.1.1. The state space. The FJRW theory of a pair {W,Gw) is a state Xffiw and a 

cohomological field theory {A^ fc }, which is a set of linear maps 

W)® k -+ H*(M g k ) 

for 2g — 2 + k > 0. Here M. g) k is the moduli space of stable /c-pointed curves of genus g. 
The state space is defined as 

0 where := (Lf^(Fix( 7 ), W™-C)) Gw . 

76 G w 

Here Fix(y) is the fixed locus of 7 and N . 7 is its dimension as a C-vector space. Further¬ 
more, Wj is the restriction of W to Fix( 7 ), and W™ is Re(VF 7 ) _ 1 ((M, 00 )) for M 0. 
Thus, X%w is the dual to the space of Lefschetz thimbles. 

For each class £ € we call 7 the sector of f. If Fix( 7 ) = 0 E C^, we say that 7 is 
narrow, otherwise we say it is broad. Note that if 7 is narrow then is 1-dinrensional. 
There is an alternative expression for Xffw- Let 

(dW dW 

Jac W = C 


2 The state space of a pair (IF, G) is typically denoted Jifw.G- Because we restrict our attention to 
G = Gw, we will consistently drop the group from our notation. 





LANDAU-GINZBURG MIRROR SYMMETRY CONJECTURE 


5 


be the Jacobi algebra of W. It is a theorem of Wall (see m and m) that the vector 
space H N ^(C N is isomorphic to Jac(W 7 )dx 7 , where dx 7 is the product of the 
differentials of the variables fixed by 7 . Thus, 

= 0 (Jac(W 7 )dx 7 ) GM/ . 

76 G w 

With this identification, we write £ = \m ; 7 J where £ corresponds to the monomial 
m £ Jac(W 7 ). 

We define a grading on as follows. Since Gw is a finite abelian group, for any 
element 7 £ Gw, we may write 7 = ^exp(27T\/—T© 7 ^),..., exp(27rv / —10^)j for some 

unique 0 7 ^ £ [0,1). The number 0 7 ^ is called the j-th phase of 7 . For £ £ we define 

1 N 

(4) deg W ^) = -N 1 + J2(®?-Qj)- 

3 = 1 

Note that the degree of £ depends only on its sector. 

We have a pairing 7 7 : x J^-i —>• C which is induced by the intersection pairing 

on Lefschetz thimbles. The direct sum of these pairings gives us a nondegenerate pairing 

( , ) : dffw x J^w C. 

Under the identification of with (Jac(W 7 )dx 7 ) Gw , this pairing is equal to the residue 
pairing on differential forms. See w for expositions of this fact. 

2.1.2. The cohomological field theory. The construction of the cohomological field theory 
{A^fc} is highly nontrivial. We will only summarize it here, and refer the interested reader 
to the original papers m and [H] for more details. 

The construction uses the moduli space of stable JU-orbicurves. Let ^ be a stable 
orbicurve of genus g with marked points pi,... ,pk- At each marked point and node we 
have a local chart C/Z m for some positive interger m. We require that the actions on the 
two branches of a node be inverses. 

Let p : —» C be the forgetful morphism from the orbifold curve ^ to the underlying 
coarse curve. If W = Ya=i n/=i x j' : ‘ is invertible, a IU-structure consists of data (tf, £) 
where £ is a set of orbifold line bundles {jSfi,... «£?jv} over ^ satisfying 

N / k \ 

0 %f aii = P* I A C 0 0 0( Pj )\ for each i, 

where Kq is the canonical bundle of C and 0( P j ) is the holomorphic line bundle of degree 
one whose sections may have a simple pole at pj. 

If the local group at a marked point of an orbicurve is Z m , the line bundles 2 z?i,... 2 z?tv 
induce a representation Z m —>• (C x ) w . The representation is required to be faithful. The 
image of this representation will always be in Gw- The image of 1 € Z m singles out some 
7 £ Gw at each marked point; these group elements are called the decorations. 

Given an invertible polynomial W, the moduli space of pairs ( e if, £) is called the moduli 
space of stable W-orbicurves and denoted by V^ g ,k- According to [13], it is a Deligne- 
Mumford stack, and there is a forgetful morphism st : W 9i fc —>• Mg,k- The forgetful 
morphism is flat, proper, and quasi-finite (see Theorem 2.2.6 of [13j)' The decorations 7 j 
at the marked points pi decompose W 3i fc into open and closed substacks W 3 i fc( 71 ,..., 7 &). 
Furthermore, the stack W ffi fc( 7 i, • • •, 7 fc) is stratified, and each closure in it is denoted 
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by W ff , fc (r 7l) ... i7 J for some F 7l] ... )7fc . Here r 7lr .. i7fc is called a Gw-decorated dual graph 
of an underlying stable curve of genus g and k marked points. We call r 7l) ... !7fe fully 
Gw-decorated if we assign some 7 + € Gw and = 7+ 1 on two sides of each node. 

In [H] the authors perturb the polynomial W to polynomials of Morse type and con¬ 
struct virtual cycles from the solutions of perturbed Witten equations. That is, they 
construct 

k 

[W 9 ife (r 71 ) ... ) 7 j] vir € tf*(nv(r 71 i ... i 7 j,c) ® ^ 7 ,. 

3 = 1 

As a consequence, they obtain a cohomological field theory {A^' fc : -a H*(JA g> k,C)} 

with a flat identity [ 1 ; Jw\ , where 


I G w \ 9 


A^(6,...,6) := d^ty PDst * ^W 9 , fc (7i,---,7 fe )] vir nn0j 

Here PD is the Poincare dual and Jw is the exponential grading operator , defined by 
(5) J w = (exp(27r\/—Tgi),..., exp(27r\/^Igjv)) € G W - 


2.1.3. The FJRW potential. The cohomological field theory allows us to define FJRW 
invariants (or genus-g k-point correlators ) as 


<£iV4v-- = I - 


Ac' 


W 

9 


Mg,k i = l 


Here ifi := ci(Lj) is the i-th psi class, where L* is the z-th tautological line bundle on 
M g ,k- The invariant is primary if there are no psi classes, i.e., £{ = 0 for all 1 < i < k. 
We call the classes the insertions of the correlator. 

The FJRW invariants induce various structures on The pairing (,) and the 

primary genus-zero 3-point correlators define a product * on by 

( 6 ) (a*^, 7 ) = (a,| 3 , 7 )y / , where a, /?, 7 € Jtfw 


This definition makes the pairing Frobenius with respect to *, so that the FJRW ring 
is a commutative and associative Frobenius algebra with the unit [1 ; Jw\- 
The primary genus-zero correlators define a Frobenius manifold structure on .FFw ■ Let 
B be a set whose elements are a basis for Jtfw The pre-potential of the Frobenius manifold 
is 

(n\ t-FJRW _ \ " it- f\W t ii-" t £k 

(7) Aw - 2^ 2^ >••■>&)» - ft —• 

fc>3(6,.Afc)e£! fc 

The Frobenius manifold pre-potential encodes the genus-0 data of the FJRW theory of 
(IF, G). The FJRW invariants of all genera are encoded in the total FJRW potential total 
ancestor FJRW -potential 


_/FJRW 

WE 


exp ^h 9 




\W R1J1 ■ ■ ■ A 


k /g 


,<?> 0 


k> 0 


k\ 
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2.1.4. Properties of the A-model. Several properties of FJRW theory will be useful in our 
proof of Landau-Ginzburg mirror symmetry. First, the following theorem tells us how 
the FJRW theory of W behaves when W = W\ © IV 2 is a disjoint sum of the atomic 
polynomials in Theorem 12.11 In this case, Gw = Guy x Gw 2 ■ 

Theorem 2.2 ([13]. Theorem 4.2.2). Let W\ and W 2 be invertible polynomials with no 
variables in common. Then as Frobenius algebras, 

Jr Wl ® Jtw 2 = Jw Wl ®w 2 

via the isomorphism (\m ; 7 J, \n ; JJ) i->- \mn ; 7 JJ. Moreover, 

I 7i^iJi ■■■> \m k n k ; 7fc4J) 

= A 3(^ ; 7 iJ> • • •, \ m k ; 7fcJ) A^(fn 1 ; 5iJ, ..., \n k ; <5 fc J). 

Remark 2.3. The LG mirror symmetry coniecture \l.l \ is known for Ai-singularity W = 
x 2 . Also ifW = x 2 then dfflw = C. Theorem \2.2\ imvlies that for any invertible polynomial 
W, the FJRW theory is invariant under the stabilization W -A W © y 2 . Because of these 
facts, from now on, we will assume a > 3 for the Fermat polynomial x a . 

Second, certain vanishing properties of the FJRW correlators will be critical when we 
reconstruct the pre-potential in ([?)) . In the A-model, these come from two of the so-called 
correlator “axioms”, which are summarized in the following proposition. 

Proposition 2.4 ([13], Proposition 2.2.8 and Theorem 4.1.8). Let £* € and let 
be the j-th phase of 7 * E Gw- If (Cl) • • •, £fc) 0 ^ / 0, then the following equalities hold: 
k 

( 8 ) de giu(&) = c w + k- 3. 

i=l 

k 

(9) lj := qj (k-2)-Y @ T for j = l, ■ ■ ■ , N. 

i= 1 

Formula (0) is called the Dimension Axiom because it is a consequence of the degree 
of the class Aq' (£ 1 ,... ,£*.). Formula (0) is called the Integer Degree Axiom because lj 
is the degree of the line bundle on the underlying coarse curve, when that curve is 
smooth. Formula (0) follows from the fact that line bundles must have integer degrees, 
so if lj 0 Z then the corresponding component of Wo,fc is empty. We call lj the j th line 
bundle degree of (£ 1 ,... ,£fc)o . 

Remark 2.5. One useful application of formula (0 is due to Krawitz: if the correlator 
(£ 1 , £ 2 , £ 3)0 Is nonzero and £* E then 73 = Jw( 7 i 72 ) -1 - Then from (0) and the 

definition of the pairing, £1 *£2 € ■^ l 72 j- 1 - 

In the remainder of this paper, we will only use primary genus-zero correlators, so we 
will drop the genus-subscript g from the correlator notation. Moreover, when context 
makes the polynomial clear we will suppress W, writing a genus-0 A-model correlator as 
(£i) • • • )£fc)- 

2.2. B-model: Saito-Givental theory. In this section, we follow the B-model con¬ 
vention and use / for a quasihomogeneous polynomial with isolated singularity at the 
origin: 

/(A pi xi, • • • , X Pn x n ) = A f(xi, • • • , x N ). 


WEIQIANG HE, SI LI, YEFENG SHEN, AND RACHEL WEBB 


Outside of this section, / = W T , and pi = qf is the weight of Xi in W T . 

The central charge of / is cj = £T(1 — 2 pi). We will always let d N x = dx\ A • • • A dx at. 
The Frobenius algebra structure of the B-model is simply Jac(/) with the grading 
coming from the quasihomogeneous weights, equipped with the residue pairing. Note 
that Jac(/i 0 / 2 ) = Jac(/i) 0 Jac(/ 2 ) (compare Theorem 12.21) . 

The genus zero invariants (or the Frobenius manifold structure) are induced from Saito’s 
theory of primitive forms [03]. Since the Frobenius manifold is generically semisimple, 
the higher genus invariants are given by the famous Givental-Teleman formula [201149] . 

2.2.1. Saito’s triplet for primitive forms: Brieskorn lattice, higher residue pairing and the 
good basis. Here we review the basics of Saito’s theory of primitive forms. Because we 
wish to prove Conjecture 11.11 we will only discuss the theory for quasihomogeneous /. 
See [031,071,08] for discussions of arbitrary isolated singularities. 

Let Q(y v q be the space of germs of holomorphic k -forms at the origin in C N . Define 

nf = n£ Nfi iz}/(df a +zd)n^ 0 

which is a formally completed version of the Brieskorn lattice associated to / (see [43] 1. 
Here * is a formal variable. There exists a natural semi-infinite Hodge filtration on T-fp 

given by 7L^ ^ := z k 7iP such that 

Up k) /Up k ~ Y) ~ Q f , where Q f := ^ Nfi /df A 

We define a natural Q-grading, or weight , on Jac(/), on Ti^\ and on Qf which is generated 
by 

(10) wt(xi) = qf, wt (dxi) = qf, wt(z) = 1. 

For a homogeneous element of the form rj = z k <f>(xi)d N x, we have 

N 

wt(?7) = wt ((/>) + k + ^2 df- 
i= 1 

In [03], K. Saito constructs a higher residue pairing Kf : ifp 0 
satisfying the following properties. 

(1) Kf is equivariant with respect to the Q-grading, i.e., 

wt (Kf(a, (3)) = wt(a) + wt(/3) 

for homogeneous elements a,j3 € Tip’. 

(2) Kf(a,[3) = (—l) N Kf(/3,a), where the bar operator takes z —>• —z. 

(3) Kf {v(z)a, (3) = Kf(a,v(—z)/3 ) = v(z)Kf(a, f3) for v(z) € C[[z]]. 

(4) The leading z-order of Kf dehnes a pairing 

uf/zTif 0 Uf/smf -> C, a0/3e> lim z~ N K f (a, 0) 

which coincides with the usual residue pairing Dj 0 —» C. 

The last property implies that Kf dehnes a semi-infinite extension of the residue pairing, 
which explains the name “higher residue”. Following [43], we define a good section and a 
good basis for /. 
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Definition 2.6 (Good basis). A good section a is a splitting of the projection TL'p —> Elf, 

a : n f ^nf\ 

such that a preserves the Q-grading, and Kf(Im(cr) , Im(a)) C z N C. A basis of the image 
Im(cr) of a good section a is a good basis of Tip (or f). 

Equivalently, a good basis consists of homogeneous elements {g a } C Up 1 such that 
{g a } represents a basis of Elf and Kf(r] a ,rip) € z N C for all a and (3. 

Example 2.7. The ADE singularities are those for which Cf < 1. For these singularities 
any homogeneous basis of Elf is a good basis, and any two such choices are “equivalent” 
(i.e. there exists a unique good section) [33]. 

Proposition 2.8. Let /(x,y) = /i(x) 0 / 2 (y) be the disjoint sum of two isolated quasi- 
homogeneous singularities, where x = {aq, ■ ■ ■ , xjvj} and y = {y\, • • • , 2/at 2 }- tf { 7 li( x )}i&i 
and {Ta(y)}aeA are good bases of Up and Tip respectively, then {r]i(^-)Ta(y)}(i,a)£ixA 
is a good basis ofPp. 

Proof. It follows from the construction of the higher residue pairing in [44| that 
I\ f ( rji(x)<p a (y), rjj (x)<pp (y)) = ±K fl (x), ly (: x))K h ( <p a (y), <p 0 (y)). 

The proposition is a direct consequence of this equality. □ 


A good basis is not unique in general. Landau-Ginzburg mirror symmetry favors a 
particular choice of good basis, which we call the standard basis. This basis was used by 
Krawitz in m to describe the mirror map between Frobenius algebras. We define the 
standard basis for an atomic polynomial below, and we get a basis for a general invertible 
polynomial with Proposition 12.81 

In this definition and later, we use 4>f to denote the element of the standard basis that 
spans the 1-dimensional subspace of Jac(/) of highest degree. It is a fact that wt(0/) = Cf. 


Definition 2.9. The standard basis of an atomic polynomial f is where p = 

dime Jac(/), (p^ = <ff, and the monomials are defined as follows. 

• If f = x a is a Fermat, then {4> a } = {x r \ 0 < r < a — 2} and 4>f = x a ~ 2 . 

• If f = + X 1 X 2 2 + • • • + xjsr-ix a jf is a chain, then 

{ N J N-l 

IK* \ and <\>f = X °N ~ 2 n 
i =1 J r i =1 

where r = (n,--- ,rjv) with < a* — 1 for all i and r is not of the form 
(*,••• , *, k, aN-21 — 1, • ‘ ‘ > 0, on -2 ~ 1,0, oat - 1) with k> 1. 

• If f = x^xn + X 1 X 2 2 + • • • + XN-ix a jf is a loop, then 


{4>a} 


' N 

n 

» i=l 


X- 


0 < r t < a % 


N 

and ( t ) I = 'W x T~ l - 
2—1 


Because we are interested in mirror symmetry, the forms here are dual to the forms in 
Theorem 12.11 See Example 12.131 for further clarification. 


Theorem 2.10. The standard basis in Deftnition \2.9\ is a good basis of f. 


This theorem will be proved in Section 14.11 
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Definition 2.11. We define the normalized residue Res on Jac (/) by setting Res (fif) = 1. 
It induces a pairing r) on Jac(/) defined by r) a p = Res (fiafi/s). 

As shown in [43] . a good basis of / gives rise to a primitive form , which is a certain 
family of holomorphic volume forms with respect to a universal unfolding of /. The 
primitive form induces a Frobenius manifold structure on Jac(/) (which was called a flat 
structure in [03]). We will not give the precise definition of primitive form here. Instead, 
we present a perturbative description developed in [301131] which is a formal solution of 
the Riemann-Hilbert-Birkhoff problem described in [43]. We also use the perturbative 
description of the primitive form to compute the invariants of our Landau-Ginzburg B- 
model. 


2.2.2. A perturbative formula. Given a polynomial g(x), we will denote [g(x)d N x] its 
class in Bp in this section. Let polynomials {</><*} represent a basis of Jac(/) such that 
{[cj) a d N x]} is a good basis for Bp. 

Let B denote the subspace span c { [cf) a d N x ]} of Bp, and Bf = Bp <8>c[z] C((z)) be 
the Laurent extension. Then 

B.p = B\z\ and Bf = B((z)). 

Let s = {s a } be the linear coordinates on Jac(/) dual to the basis {4> a }, so the coordinates 
s parametrize a local universal deformation F = f + ^2 a s a (j) a of /. The following formula 
gives a perturbative way to compute the associated primitive form. 

Theorem 2.12 (f3T], Theorem 3.7). There is a unique pair ((, with C € -BlfzMsl] and 
/ € [d N x\ + z-'Biz- 1 ] [s] such that 

(11) e( F ~ f)/z ((z,s) = J in Bf [s]. 

Here is formal power series in s valued in R[ 2 -1 ]. 

Furthermore, £ is the series expansion in s of the primitive form associated to the 
good basis B , and J! plays the role of the FJRW J-function in the following sense. By 
Theorem 12.121 we may write 

d N X | 1 + 2 _1 ^ /-ifia + Z~ 2 ^ 2 (j) a + ... 

\ a a 

Let 




(13) t a (s) = /“i(s) € C[s]. 
We call t = {t Q } the flat coordinates for Jac(/). In fact 

(14) t a = s a + 0( s 2 ), 


and we may write each s a as a function of t. Then in terms of the flat coordinates, the 
Frobenius manifold prepotential Jq j ^ associated to the primitive form £ satisfies 


(15) 




where is the matrix in Definition 12.111 The B-model correlators are defined via 
(16) {fiai ) ■ ■ ■ j flak) 




dt ai ... dta k 


(0). 
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The proof of Theorem 12.121 in [31] outlines an algorithm for recursively solving ( and 
J? as follows. Let G<k) be the k -th Taylor expansion in terms of s. To zeroth order (in 
s), equation (fTTT) is 

C(<o) = [d N x] + z~ l B[z~ 1 }. 

Because ( has only positive powers of z, this is uniquely solved by C(<o) = [d N x\. Suppose 
we have solved for C(<fc)i which satisfies 

e (F ~ f)/z C { < k ) € [d N x] + modulo s fc+1 . 

Let Rk+\ be the (k + l) th -order component of e-( F ~^' z C(<k)- Let Rk+i = R^+i + ^k+i 
where R^ +1 is the part with nonnegative powers of z. Then C(<fc+i) = C(<fc) — ^t+i 
uniquely solves Equation (fill) up to order k + 1 in s. 

2.2.3. B-model Saito-Givental potential. Saito’s theory of primitive forms gives the genus 
zero invariants (see Formula (1161) 1 in the LG B-model. For higher genus, Givental [2U] 
proposed a remarkable formula for the total ancestor potential of a semi-simple Frobenius 
manifold. The uniqueness of Givental’s formula was established by Teleman [3!Tj . Accord¬ 
ing to the work of Milanov 133 , the total ancestor potential can be extended uniquely to 
the origin, which is a nonsemisimple point we are interested in. 

Saito’s genus zero theory together with the total ancestor potential is now referred to 
as the Saito-Givental theory of a singularity. We will call the extended total ancestor po¬ 
tential at the origin a Saito-Givental potential and denote it by where the subscript 

( shows its dependence on the chosen primitive form (. 


2.3. Krawitz’s mirror map. Recall that given an invertible polynomial 

N N 

Lll 

i=i j =i 

its exponent matrix is E\y ■= (a.ij)NxN, and the mirror polynomial (also called the trans¬ 
pose polynomial) W T is defined by E w t = (E\v) T , so 

N N 

■ id 11 ;• 

j =1 i=l 


The inverse matrix Eyy plays an important role in the mirror map constructed by Krawitz 
in [27 . Let us write 


(17) 


and define 


E 


-i 

w 


( 

V 


■ 

■■ Pw 

• 

A N) 


\ 


Pj ■= (exp(27rv / ^T^ 1) ),... ,exp(2vrV z l/5j A ' ) )) , 
pj := ^exp(27r v /z Tpi' 7) ),...,exp(27r v /3 Tp^ ) )) • 


According to m, the group Gw is generated by {pj}f=] and G w t is generated by 
{pj}f= i- Recall qj is the weight of Xj in W. Let qj be the weight of Xj in W T . We 
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remark that 

N N 

(18) qj =J2Pi ] and qj = ^pf- 

i= 1 i=l 

Example 2.13. The transpose of the chain polynomial in Theorem \2.1\ is xf 1 + x\x‘ff + 
• • • + XN-ix'ff. The transpose of the loop polynomial is x^xn + x°.ffx i + • • • + xn-ix^. 

The next theorem defines Krawitz’s mirror map. Its proof consists of Theorems 2.4 
and Theorem 3.1 in m, Theorem 2.3 in [T] , and Remark 12.51 

Theorem 2.14 (}27j. Krawitz’s mirror map). Let W he an invertible polynomial with no 
chain variables of weight 1/2. Then the ring homomorphism T : Jac (W T ) —>• 
generated by 

(19) 

^ _ f \ Xi ; lj, if Xi is a variable in a 2-variable loop summand with ai = 2, 

' 1 \ fl ; pi- Jw\i otherwise. 

is a degree-preserving isomorphism of Frobenius algebras, in the sense that wt(/>) = 
deg^T (</>)) for every monomial f> £ Jac(TT T ). Furthermore, 

( N \ N ( N \ 

JJ tf 3 ) € Jtfy where 7 = JJ p “ J+1 = I P°[ J I Jw- 
3 =1 / 3 =1 y=i / 

We will call “Krawitz’s mirror map”, or simply “the mirror map.” In this paper, 
we show that by appropriate rescaling, Krawitz’s mirror map identifies the FJRW and 
Saito-Givental potentials of all genus, proving mirror symmetry. From now on, for any 
monomial f € Jacwe will use the following notation for the degree: 

(21) deg(T(^)) = deg iy (T((/>)) and deg(^) = wt(0). 

Remark 2.15. When W = @ ■ Wj, both the A and the B-model Frobenius algebras 
decompose as tensor products of the Frobenius algebras of the Wj, and in this case the 
mirror map is a tensor product of mirror maps. 

3. Main results 

The main result of this paper is Theorem 11.21 which can be more precisely stated as 

Theorem 3.1 (Landau-Ginzburg Mirror Symmetry Theorem). Let W be an invertible 
polynomial with no chain variables of weight 1/2. Then there exists a primitive form Q 
of W T such that the Krawitz isomorphism Jac(lT :r ) = identifies the Saito-Givental 
potential ^ with the FJRW potential 

In fact, it suffices to prove this theorem at the level of Frobenius manifolds, i.e., at genus 
zero. This is because in the cases we deal with, the work of Teleman [i9j and Milanov 
m shows that the genus zero data completely determines the higher genus data of the 
LG models. Thus, in the remainder of this article, we only need to prove the following 
theorem. 


^The rescaling consists of Formula (O and Formula J64]). 
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Theorem 3.2 (Frobenius Manifold Mirror Symmetry Theorem). Let W be as in Theorem 
\3.1\ There exists an isomorphism between a Frobenius manifold on Jac (W T ) and the 
Frobenius manifold on 34%^. More explicitly, there exists a primitive form f of W T such 
that the Krawitz isomorphism Jac (W T ) = ZZfir induces 


( 22 ) 


x-SG _ x-FJRW 

wo,w T ,c — •' o,w 


As explained in Section 12.21 a primitive form is associated to a good basis. The good 
basis yielding mirror symmetry in Theorem 13.21 is the standard basis of Definition 12.91 
Theorem 13.21 is proved by showing that J 7 ^'^ and J 7 ^ ^ w are completely determined 
by a handful of 4-point correlators. We then explicitly compute these correlators to show 
they differ only by a sign. We may exactly match the potentials by rescaling the primitive 
form and the B-model ring generators as in m Section 6.5], 

(23) *i->(-ir deg(a!i) ®i, c-K-irW- 


Thus, Theorem EJ is a consequence of the following theorem. 


Theorem 3.3. Let W be an invertible polynomial as described in Theorem \3.1l 

(1) Using the pairing, the ring structure, the properties of FJRW theory and Saito- 

Givental theory, and WD VV equations, the potentials Hq and J 7 ^ ^ are 

completely determined by the correlators 

• (. Xi , Xi, x a M 2 , 4>w t ) when Xi is the variable in a Fermat xwith ai 2. 

• (xn, xjv, XN-ix^f- , 4 >w t ) when xjy is the last variable of a chain. 

• (xi, Xi, Xi-\x a f~ , 4>\yt) when Xi is a variable in a loop. 

Here we use B-model notation, and fiwr is the element in Jac {W T ) of highest 
degree, normalized as in Definition \2.9[ The A-model correlators are obtained by 
mapping the insertions via Krawitz’s mirror map in Theorem \2.14[ 

(2) The values of these correlators are qi on the A-side. 

(3) The values of these correlators are —qi on the B-side. 

Remark 3.4. The correlators in Theorem [O] mav be described as ( x*, Xi, Mi/x 2 , 4>wt) 
where W 1 = ]Tb Mi and Mi = n,=i x °j ZJ an V monomial of a Fermat or loop summand, 

or the final monomial of a chain summand. Here we define Mj/xf := n*L lX ?- 2Sij - 
Similar notation will be used throughout the paper. Such a formulation of correlators and 
their values was first discovered for simple elliptic singularities in [38] and then verified 
for exceptional unimodular singularities in Ell- 

Remark 3.5. When W contains a chain summand x“ 1 X 2 + X 2 2 X 3 + - • ■+x^fi with ojv = 2, 
we show that the B-model statements in Theorem 1 ,7. .4 hold. If we further know that the 
Frobenius algebra structures on and Jac {W T ) coincide, and that part (2) of Theorem 
\3.3\ hold in A-model, then Conjecture 17.il will follow. Two such examples for Ziz,W \3 of 
exceptional unimodular singularities are established in this way in ED- 


4. Reconstruction I 

In this section, we introduce some tools for the proof of Part (1) of Theorem 13.31 which 
we will finish in Section [6j More explicitly, we will use the symmetries of an invertible 
polynomial to prove Theorem 12.101 and establish the Dimension Axiom and Integer Degree 
Axiom in the B-model lLemma l4.ll) . Then we will introduce the key lemma that turns the 
WDVV equations into a powerful tool for reconstructing genus zero potentials. Finally, 
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we will completely reconstruct an arbitrary sum of Fermat polynomials as an example of 
our proof strategy in the general case. 

4.1. Good basis of invertible polynomials. In this subsection we prove Theorem 
12.101 As a consequence, we obtain a Frobenius manifold structure on the base space of 
the universal unfolding of the corresponding singularity. This structure can be computed 
perturbatively as described in Section 12.2.21 furnishing the genus zero data in the B- 
model. We will adopt the same notation as in Section 12.21 and write / instead of W T for 
the mirror polynomial. 

We only need to prove Theorem 12.101 for chains and loops, since Fermat polynomials 
are the A-type singularities discussed in Example 12.71 We will use the following notation: 

(1) If g(x) is a polynomial, [g\f will denote the class in 'H'p represented by g(x)d N x. 

(2) The linear coordinates on C N are x\, ■ ■ ■ ,xn and xv+fc = X&. 

In the notation of Section 12.31 the inverse of the exponent matrix of / = W T is 


/Pi¬ 


ll) 


EJ 1 = (E 


-1 \T 


W 


P { N 


( 2 ) 

Pi 


( 2 ) 

Pn 


(IV) 

Pi 


(IV) 

Pn 


Let pj be the linear transformation 


T 

Pi 


Xi 


j = exp(27 T\f^ip { -p)x i . 


This transformation preserves /; that is, pj ■ f = /, for all j. Hence pj induces an action 


on the Brieskorn lattice 


n T . nj( o) 

Pj ■ Ttf 


u 


(o) 


Moreover, it is easy to see that the higher residue pairing Kj is pj-invariant. 


I ' '"f ' ■ 

These 

symmetries are enough to prove that the standard basis is a good basis. 

Let • • • x \and x j 1 • • • x^ be monomials in the standard basis for either the chain 
or loop type. Let 

(mi, • • • ,m N ) = (n + rj, • • • ,r N + r' N ). 

The pj-invariance of Kj implies the integral conditions 


N 


^2(mi + 2 )p[ j] = ki G Z, for all j 


2=1 


(the extra 2 comes from two copies of d N x). This is equivalent to 
(24) (ki,k 2 , ■ , k N ) E f = (mi + 2, m 2 + 2, • • • , m N + 2). 

The remainder of the proof splits into two cases, corresponding to the possible types of 
/• 


The chain case. Let / = + xqx^ 2 + 

form 

/ ai 

1 o 2 

Ef= ' 


+ xn-ix^ ■ The exponent matrix has the 

\ 


OJV-I 

1 ajv / 


V 
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Equation (1241) in this case becomes 

mi = kiai+k 2 — 2, m 2 = k 2 a 2 +k 3 -2, ..., mN-i = kN-idN-i+kN—Z, mu = k N ajsr~2 


where 0 < mi < 2a* — 2 and the ki are integers. We investigate possible values for the ki 
and rrii . This analysis is easiest if we begin by tracing all possible values of ki back from 
fejv- The only possibilities are 

(1) (A*,--- ,k N ) = ( 1,1,--- ,1). 

(2) (hi, ■ ■ ■ , k N ) = (1, ■ ■ • , 1,0,2, - - - ,0,2). 

(3) (fci,--- ,%) = (!,••• , 1, 2,0, 2, • • • ,0,2). 

In case (3), we have 


(mi, ■ ■ ■ , mjv) = (a\ — 1, • • ■ , aN-21-2— 1, aN-21-1, 2o/v-2Z—2, • • • ,0, 2aN- 2 —2, 0, 2oat —2). 


This can not appear if both x^ 1 • • • x)^ and x^ 1 • • • x^ are in the standard basis. For cases 
(1) and (2), we check directly that 


deg(xp • • • x™ N ) = deg(x ‘[ 1 • • • x r ^) + deg(x^ 
Since Kf preserves the Q-grading, we have 

deg I\f ([xJ 1 • • • x r £] f , [x? • • • x r »} f ) = deg(x r 1 1 • • ■ x r ^) + deg(x^ 


X N > = 


b N 


C f- 


) + 2^ qi = N. 


It follows that Kf([xY ■ ■ ■ x r ^]f, [x± • • • x^]/) lies in z N C. 


The loop case. Let / = x^xjv + xix^ 2 + • • • + xn-ix^ . The exponent matrix of / is 

( a\ 1 N 

1 a 2 

Ef= 

ajv-i 

\ 1 ajv / 

With the convention k\ = k^+i, equation (1241) above implies 

(25) m, + 2 = kidi + ki + i, i = 1, ■ ■ ■ , N. 

Let hi = k{— 1 for each i. Equation (125]) becomes 

nii + 2 = (hi + l)dj ± hi -\-1 + 1. 

Since 0 < m, < 2a* — 2, we get 

(26) 1 - a, < hidi + h i+ i < a* — 1, i = 1, • • • , AC. 

If there is some /q+i = 0, then the above equation implies /q = 0, and recursively, 

(hi, • • • , fo/v) = (0,0, • • • , 0). 

Otherwise, we can assume none of the hi is zero. There are two situations. Either there 
is one hi with \hi\ = 1 or all |/q| > 2. For the first case, we assume some /q+i = ±1. Since 
hi / 0 by assumption, the inequality (1261) implies hi = 4=1. We can repeat this process 
and get the following solution when N is an even number: 

(hi,-- - ,h N ) = (±1,4=1,-•• ,±1,4=1). 
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Finally we prove it is impossible to have all \hi\ > 2. Equation (12611 implies 

(27) - 1 + 1 ~ hi+1 <hi< 1 - 1 + ki+1 . 

d{ di 

If all |/ij+i| > 2, this implies 

(28) \hi\ < \h i+ i\. 

In fact, if hi + \ > 2, then the RHS of inequality (l2Tll implies hi < 1. By assumption, we 
know hi < —2. However, since 

7 1 . 1 — hi+1 

—h{+i < —1 H-, 

di 

inequality (1281) follows from the LHS of ([271) . A similar argument works for /q+i < — 2. 
We repeat this process and we find 

|^i| — | ^h'+A r | ^ ^ | hj |, 

which is impossible. Thus the only possibilities for the kf s are 

(1) (k u • • ■ , k N ) = (1,1, ■ ■ • , 1), and 

(2) (ki, • • ■ , kjy) = (1 ± 1,1 =F 1, • • • , 1 ± 1,1 =F 1), if N is even. 

In each case, again we have 

deg(x™ 1 ■ • • x™ N ) = deg(x^ • • • x r £) + deg(aq x ■■■x r £) = Cf. 

By the same degree reason as in the chain case, we know Kf(\x r f- ■ ■ ■ x r ^]f, [aq 1 ■ • • aq^]/) 
lies in z N C. 


4.2. Vanishing conditions in B-model. We will now prove the B-model properties 
that are the analogs of the Dimension Axiom (J8|) and Integer Degrees Axiom ([9]) on the 
A-side. These give us vanishing conditions for B-model correlators which we will later use 
to reconstruct the potential T'q^t £■ 

Lemma 4.1. Let T be Krawitz’s mirror map (Theorem \2.1$- The A-model correlator 


N 


N 


(29) 


= ( •: 11 'ill 




\i =1 


\i=l 


satisfies the Dimension Axiom d8]) if and only if 


N 


(30) 


EMIL 


— C\v T + k — 3, 


u= 1 


\.*=1 


and 'I'(A) satisfies the Integer Degrees Axiom Q if and only if 

k N 

SA, 

P 

u=l i= 1 

Moreover, if the B-model correlator 

/ n 


(31) 


2 qj “EE Pi > ' >e ”,i G Z for j = 1, • • •, N. 


* : =(n 

\ »=i 

is nonzero, then both and m hold. 


&l,i 

i 5 • • • 5 


N 

n 

2=1 


&k,', 


X, 
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Proof. The equivalence of ([8]) and (1301) follows from the fact that T is degree-preserving 
(Theorem I2.14D and &w = c w t. Also from Theorem 12.141 we know 

* (] [•'•'"') € and 7 = 

By directly calculating the quantity lj in @ using (ITS!) and (foj). we get 

lj = qj(k - 2) - ^ + q J ) mod for 3 = ■ • ■ N - 

U =1 \ 2=1 J 

This is exactly Equation (1311) . 

Now assume X / 0. Then (15U1) holds because the potential J 7 ® ^ has eigenvalue 

C\yr — 3 with respect to the Euler vector field — deg (4> a ))s a -£-. This well- 

known fact also follows explicitly from the perturbative formula (1111) which respects the 
Q-grading. 

Finally, we prove that if X ^ 0 then (I3TT) holds. To do so we introduce a G^r-action 
on the B-model. Since G w t is generated by {pj}^ =1 , it suffices to define each pj-action 
as follows. 

pj ■ Xi = exp( 27 rv / ^T p^p) Xi, pj ■ z = z, pj ■ s a = c~ l s a . 
where c a is the nonzero constant such that 

Pj ■ (fra — c a 4> a . 

We can check that the action of pj is compatible with the relations 


(32) 


| L gd N x= _ z p_ d N x in n (0) 

OXi OXi 1 


for each monomial g in Cfaq,... Xjv]. Thus the perturbative formula (1111) shows that /, 
F, £, and ^ are all invariant under the G w t- action. 

Furthermore, according to Cd and m pj acts on t a by a factor of c a 1 . Each pj 
acts on the u-th insertion of X by 

N / N \ N 


pj ■ n ^= ex p (] n 


X- ’ . 


i —1 \ i=l / i=l 

Therefore pj acts on the corresponding monomial in the prepotential (1161) by a factor of 

/ k N \ 

exp I - 27 rv /Z T^ 5 Zp? ) e^ ) . 

\ v=\ i =1 / 

On the other hand, the (higher) residue pairing is invariant under the pj-action. Since 
pj ■ d N x = exp(27rv / — lqj)d N x by (fl8l) . it follows that the pairing 

K f (c/) a d N x,(j)pd N x) 

is zero unless c a cp = exp(—47r-v/—1^)- Then (fl5l) implies 

Pj ' ^0 ,/,c( t ) = exp ^nV^lqj)X$j X (.t). 
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Matching the above two factors, we find 



This is exactly (1311) . 


= exp(4-7T\/—1 <?j). 


□ 


4.3. A reconstruction lemma from WDVV. We introduce a powerful reconstruction 
lemma that follows from the WDVV equations. The statement of this lemma requires 
the following definition. 

Definition 4.2. We say that an element f or is primitive if whenever £ = 4 * 4; 
either deg(4) = 0 or deg(4) = 0. 

It is easy to see that for Jac(W T ), the set of primitive elements is a subset of {xi,..., xjv}. 
By mirror symmetry, the set of primitive elements in is a subset of {T(xi),..., 'L(xat)}. 
The next lemma says that the prepotential J -o in each theory is completely determined 
by correlators with mostly primitive insertions. 

Lemma 4.3 ([13]. Lemma 6.2.6). A k-point correlator (£i,...,£fc -3 ,a, /3,e* <j>) satisfies 

(4, ■■■ ,4-3,7,<5,e*0) =(4> ■ ■ ■ ,4-3,7, e,S-k(j)) + (4,.. ■ ,4-3,7 *e,6,4>) 

(33) - (4,...,4_ 3 ,7A(5,e,^)+ S 1 

where S is a linear combination of correlators with fewer than k insertions. If k = 4, then 
there are no such terms in the equation, i.e., S = 0. In addition, the k-point correlators 
are uniquely determined by the pairing, the three-point correlators, and by correlators of 
the form (4, • • • 4) with n < k where 4 is primitive for i < n — 2. 

Since the proof of Lemma H~3l uses only the WDVV equations, it holds for both ^ 

and W . This lemma implies that to compare ?v T c anc ^ ^~o ? u/ W , ^ suffices to 
compare correlators of the form 

(34) V = (x N ,.. .,x N ,x N -i,... ,x N -i,... ,xi,.. .,xi,a,/3), a,/3 € Jac(IV T ). 

Here we are using B-side notation; the corresponding A-model correlator is 

(’L(xjv), • • •, ^(xn), ^{xn-: l), • • • , 'L(xat-i), ... ,T(xi),... , T(xi), T(a), T(/3)). 

The indicies of the primitive inserstions (including a and (3 if they are primitive) in the 
correlator X in (1341) are arranged in decreasing order. 

In the remainder of this paper, we will apply the vanishing conditions of Lemma 14. II to 
correlators of the form (1341) . In this context, let 

N N 

a =n ^ > p =n ’ 

i =1 i= 1 

and let if be the number of insertions in X equal to Xj, ignoring a and j3. Thus 

N 

Y J lf = k-2. 

i =1 
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Now let bf be the real numbers defined by the equation 



( 

bf 

\ 


Uf 

+ m 1 + nf 

+ 2 

\ 

(35) 




•■=Ew 








b x N 

) 



+ m^ + n* 

+ 2 

/ 

and let 










(36) 




K X = 

li- 

b X 

+ 1 . 




When there is no possibility of confusion, we will drop the superscript X from the 
notation. 

When we apply Lemma 14.II to X, we produce the following lemma. 


Lemma 4.4. Any nonvanishing A- or B-model correlator of the form in m can be 
written so it satisfies the following properties: 

(PI). All the numbers K{ are integers, i,e., 

(37) I<i € Z. 

(P2). The following equation holds: 

N 

(38) E^ = L 

2=1 

(P3). The maximum values for nii and n* are as follows: 

• dj — 2 if W is a Fermat polynomial, 

• at — 1 for a chain summand x^xjy + x\x^ + • • • + xn-ix 0 ^ in W T , subject 
to the additional condition that both (mi, m 2 ,..., tun) and (ni, n 2 ,..., tin) 
are not of the form (a± — 1,0 ,03 — 1,..., 0, 0^-2 — 1,0, a n — 1) with N odd 
or (... ,k, ajst —21 — 1 , 0 ,... , 0 , a/v -2 — 1 , 0 , a n — 1 ) with k > 1, 

• ai — 1 for a loop summand xf 1 + x\x^ + ■ ■ ■ + x^-\x a ^ in W T . 


Proof. Let X be a nonvanishing correlator of the form in (1341) . After we write the inser¬ 
tions of X in the standard basis, this correlator satisfies (P3). 

We will prove (PI) and (P2) for the B-model only. The same proof works for the 
A-model because the A-model Axioms (J 8 ]) and (J9|) correspond to the B-model vanishing 
conditions by Lemma 14.11 

Since X is as in (|34D . in the context of Lemma ED we have 

Vi v = k — 1 
rii v = k 

1 t\ + • • • + ii —1 + l<u<^i+ •••-!- li 

0 otherwise. 


(39) 


&v,i — < 


First we will show that (PI) is equivalent to the Integer Degrees Axiom. On the B-side, 
this axiom says that X is zero unless 

k N 

~ 2< p “EE € Z, for ,7 = 1,..., N. 

v=l i =1 

), we have 


Then using (fT 8 l) and 


k N 


- 2( P “EE 


o U) e ~ 
Pi — 


N 


N N N 

2 E pi ] - E Pi )g i - E p { i )mi “ E pi )ni = ~ b r 


V=\ 2—1 


i —1 


2=1 


2=1 


2=1 
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The last equality follows from (1351) . So X satisfies the Integer Degrees Axiom if and only 
if bj € Z for all j, which is true if and only if Kj € Z for all j. 

Next we derive (P2) from the Dimension Axiom. Let qf be the i th weight of W T . Then 
by (1301) . the correlator X vanishes unless 

k N N N 

( 40 ) J2J2Qieu,i = J2{l-2q[) + J2£i-l. 

V =1 2—1 2—1 2 — 1 


According to Equation (1391) . the left hand side of (|40l) is 

N N N 

^2 ^ miq i + niq i 


i— 1 


2—1 


2—1 


This implies 


N 


N 


1 — — {li + rrii + rii + 2 )qf + 1) — ^ ' A*. 


2—1 


2 — 1 


Here the last equality uses (fl8|) . (1351) . and (1361) . 


□ 


Lemmas 14.31 and 14.41 tell us when correlators are in a particularly nice form. We make 
this precise with the following definition. 


Definition 4.5. A genus-0 correlator is of type if 

(1) it has at least four insertions, 

( 2 ) it is in the form of ( 1541 ) . and 

(3) it satisfies properties (PI), (P2), and (P3) in Lemma \fJj\ 

Because Krawitz’s mirror map matches the pairing and the 3-point correlators, to 
compare Pq'iv^ anc ^ ^ 7 o?e t ( ^ su ffi ces to compare correlators of type X_i. 


4.4. A warm up example: the Fermat polynomial. In this section we prove Part 
(1) of Theorem 13.31 in the special case where W = x “ 1 +x^ +.. . + x < ^ 1 is a sum of Fermat 
polynomials, as a way to illustrate our general proof strategy. According to Remark 12.31 
we can assume aj > 2 for all i. 

First, we reduce the reconstruction problem to the summands of W. We only need to 
consider correlators of type X_i. 

Lemma 4.6. Let X be a correlator of type £_i. Then there is a unique j € {1,... , N} 
such that I\j = 1, i 3 > 2 and Kj = = 0 for i j. Furthermore, 

X = (xj, Xj, x a 3 2 a, x a - 3 2 f3) for some a, /3 E Jac(IF — Wj). 

Proof. By Definition (1351) . we have 

a-ibj = £j + mj + Hj + 2 for each i. 


Then (l36l) implies 

(41) 


K, = 


£j + mj + m + 2 ^ 

&i 


Property (P3) in Lemma 14.41 implies that mi + rij < 2a* — 4, so we have 


(42) 


Kj > li 



+-1 >-l. 

CLi 
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Since Ki E Z, we have Ki > 0. Then Property (1381) in Lemma 14.41 implies that there is a 
unique j E {1,... , N} such that Ky^. = 1 and Kyy. = 0 for i j. 

Moreover, by Equation (1421) we know li = 0 for i 7 ^ j. Then since 


N 

J>>2, 

Z=1 


we know ty > 2. Furthermore, using (1421) . we have 





Plugging in Kj = 1 it is easy to show that lj < 2, so ij 
nij + iij = 2aj — 4 and the result follows. 


2. Then (1411) shows that 

□ 


Now we complete the proof of Part (1) of Theorem 13.31 in the Fermat case. 

Proposition 4.7. Let W = x“ 1 + x^ 2 + ... + x^f 1 be a sum of Fermat polynomials with 
all ai > 2. The potentials and -Tq ( are com pl e t e ly determined by the Frobenius 

algebra structure and the correlators 

N 

{Xj, Xj, j = 1 ,.. • ,N. 

i =1 

Proof. By Lemma 14.61 we only need to reconstruct (xj , Xj, x^ j 2 a, x aj ~ 2 /3) from the 
correlator above. Apply the Reconstruction Lemma 14.31 with 7 = Xj, e = x°j J 2 , f = a , 
and 5 = x^ 3 2 /3. Then ye and both vanish because they have a factor of x “ 3 1 = 0. 
The final correlator (with 6f>) is (xj, Xj, x a - 3 2 , x°d 2 a/3). However, by the Dimension 
Axiom in Lemma m this correlator is nonzero only if deg(a/3) = cw ~ cvy.. Since 
a/3 E Jac(fF — Wj), up to a constant, we must have 

afi = H X T 2 

□ 


5. Computation 

The goal of this section is to compute each of the correlators in Theorem 13.31 

In the A-model side, the most powerful tool is from an orbifold Grothendieck-Riemann- 
Roch formula. When the correlator in Theorem 13.31 is concave, then the virtual cycle 
can be extracted from a top Chern class (|58j) . which will imply the very useful formula 
(1591) by [7j. By analyzing the combinatorical aspect of the insertions in the A-model 
correlators, we will show that most of them in Theorem 13.31 are concave. There are only 
three exceptional families of nonconcave correlators listed in Section 15.1.51 For the first 
two families, we use WDVV equations to solve X from concave correlators. For the last 
family, we apply a result of Guere [23]. 

In the B-model side, the values of the correlators in Theorem 13.31 follow directly from 
Li-Li-Saito’s perturbative formula [30]. 
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5.1. A-model computation: concavity and nonconcavity. We prove Part (2) of 
Theorem 13.31 

Proposition 5.1. Let qi be the i th weight ofW and Mi be any monomial of a Fermat or 
loop summand, or the final monomial of a chain summand in W T . Then 

W®i), = qt. 

For notational convenience, in this section we will let Qi = T(xj),S'j = and 

H = By the symmetry of a loop polynomial, it suffices to prove ProDosition l5.ll 

for i = N. Thus it suffices to compute the correlator 

(43) A = (On, On, Sn, H). 


Lemma 5.2. Suppose W = ® W) and xjy is a variable in the summand Wj. Then 

(On,On, Sn,^{4 i w t )}o / = (On,On, SN^i'fwf))'^ 1 ■ 

Proof. By Theorem 4.2.2 of [13] , we have 

A (0jv, On, Sn, <t>w T )) = A^ \{0n,0n, Sn, U A^(l, 1,1, ^ ■ 

*7 

Here A^|(l, 1 , 1 , so we treat it as a scalar. By Axiom C4 of 

Theorem 4.2.2 in [13], we get 

A0^4(1,1,1, = [_ A 0 , 3 (l, 1, ^(^> w t )) = (1, = 1- 

* JMo, 3 


□ 


Because of this result, in the remainder of this section we will assume that W is an 
atomic polynomial. Before we start the computation, let us state some useful formulas 
for each atomic type. Recall that p ’^ is the (i, j)-th entry of the matrix . 


Fermat formulas. Let W = x a . Then i = N = 1, and 


(44) 


Qi = P? 


1 

a 


Chain formulas. Let W = x^ 1 X 2 + x a2 x 3 + ... + x a ff_ y xx + x'ffi. Then 


( a\ 1 

a 2 1 


E w = 


\ 


fljv-i 1 

ax ) 


and 


( 45 ) 


pf = (*iy- i n-, 

r a k 

k=i 

pf = 0 , 


3 > *; 

j < i. 
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Since qi = Yffj= 1 pf ; we have 


(46) 


N 


3 


1 


k=i 

ajv-l, 


Loop formulas. Let IF = x'“ 1 x '2 + x“ 2 X 3 + ... + x^^xjv + x a jf x\. Then 

/ ai 1 \ 


-Evu = 


a 2 1 


flY-i 1 

ajv / 


Define 


Then 


(47) 


N 


L\v = a k + (-1) 


AT+1 


^fc=l 


n \ n -1 

=(-i y~ i ( n ak ) ( n ak ) Lw ’ j ' - *’ 

L fc=j + l 


Gfc=l 


2—1 


= (-l )^- 7 * j JJ afc | -£w, 

fc=j+i 


j < i- 


Here we use the convention that an empty product is 1. These formulas lead to the 
following expression for the i th weight of W: 


N / N 

(48) « = n °* 

j=i \k=j +1 


fi—1 \ i -1 / i-1 

+ 5Z( _ l) iV+ ' 7 ~ ? II Rfc I ^vu- 

^fc=i / j=i \&=j+i 


5.1.1. Combinatorial preparation. Let c be an integer such that c € [—2,2], we define 
(49) Y itC := qi + cp^ . 

The following results are useful later. 

Lemma 5.3. For W = x“ 1 x 2 +x 2 2 £3 + .. •+x^7 1 1 xat + x^ v with ajv > 2, t/jen Y) )C € (0,1) 
except: 

• Yn-2 € (—1, 0). 

• Fv,-i = 0. 

• Yn~ 1,2 = 0 and Fv /2 = 1 if aw = 3. 

Proof. From (HU . (HUlh and (1451) . we have 

AT 3 N 

uc=E(-F- i n^+ c (- i ) N - , nx- 

j=i k=i 


k=i 


". dk 


Yn,c = 


c+1 

on 


If i = N, then 
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and the result follows since a n > 2. If i < N, then since qi in (14611 is an alternating series, 
with strictly decreasing absolute value for each term, and since |c| < 2, the result follows 
from 


0 < (1 


3 

CLN 


N -1 


>n 


i 

— < 

&k 


N—l 


n 


i 


N 


N 


(14 + 1)0 


< Yi.c. < 


k=i 


^ i,c \- 1 “ \ c \ 

0*k 0*1 


ii+ 


k=i 


1 2 
<-1- 

CLk d{ O'iO'N 


< 1. 


Here Y l c = 0 if and only if the first three three equalities hold. That happens if and only 
if aj\f = 3, c = 2, and i = N — 1. □ 

Lemma 5.4. Let W = xf 1 X 2 + x a2 xs + ... + x^Yi^N + x a ^ x\. 

(1) If N — i is odd, then Y l c € (0,1) except 

• Y\ \ =0 if N = ajy = 2. 

• Y\‘2 = 0 if N = 2, aw = 3. 

• HtV-1,2 € (—1,0) if CLN = 2. 

(2) If N — i is even, then Yf c € (0,1) except 

• Y2,i = 1 if i = N = 2, ajsr = 2. 

• Ln ,2 = 1 if i = N, aw = 3. 

• Y N)2 € (1, 2) if i = N, a N = 2. 

• Y N ,c € (-1,0) if c = - 1 , -2. 

Proof. (1) N — i is odd. In this case, by (1471) and (I48p . we first write Yi )C as 


(50) 


N 


' i —1 


Yi.c — /* ' (®i—l+2r 1) I || O’k I I |^J ) J->W 


r =1 


\k=i+2r 
'i—1 \ 


\k =1 


+ (dJV — (c + 1)) I JJ afc I L w 


m /i-i 


\k =1 
i—1 


+ e n a k - ]^[ a k | Lw- 

r= 1 \k=2r k=2r-\-l / 


If iV = 2, then i = 1 and the result follow from 


hi, c = (oat — (c + 1)) Lw- 

If N >2, then the sum of first and third line on the RHS of Equation (15011 is strictly 
positive. We know > 0 as long as the second line is non-negative or the first line is 
non-zero. Thus T) jC < 0 only if 


c = ajsr = 2 and i = N — 1. 
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In order to prove the other side of the inequality, if i < N — 1, we rewrite Yi c as 


N 


' i —1 


Y'i.c — I | a k 
\fc=i+1 / 


][J a k L w 


\k =1 


N 


'i—1 


(51) 


^ ^ (®i+2r 1) I 11 Rfc I I 11 J Lw 

r= 1 \fc=i+2r+l / Vfc=l 

(fljv-iflw — (<Lv — c)) ^ Lw 

L 2 J / i—1 i—1 \ 

e n a k — JJ a/c L W - 


r= 1 \k=2r —1 


k=2r 


Since 


we get 


(aAr_iaAr — (a/v — c)) Lw > 0, 


N 


f i —1 


h),c E I || J | Rfc J Lw < 1- 

Vfc=*+i 


a=l 


If i = IV — 1, the result follows from a similar discussion by rewriting Yn-i c from 


'N—2 


N—2 


( N—2 


Yn-i,c = (ajv - c) | JJ a k J L w + ^(-1) J+1 | JJ a k \ L w . 

\k=j+l 


,k =1 


3=0 


(2) IV — i is even. In this case, the result follows from a similar discussion by rewriting 
Yi c as 


N-i 

2 


N 


' i—1 


^ ^ (o-i—l+2r 1) I 11 J | Rfc J Lw 

\fc=i+2r 


r=l 


^fc=l 


''i—1 


+ ((1 + c)ai — 1) ( a k J Lw 

\k=2 ) 

LErJ / i—1 i—1 \ 

+ e n ak - a k L W - 


r =1 \fc=2r+l fc=2r+2 


□ 


Now we continue with our computation of X = (9 ^, 6 v, SW, -H”)- We notice that <S/v = 
9 a ^~ 2 when W is a Fermat polynomial and Sn = @n~i 9 a ^~ 2 when VF is a chain or loop 
polynomial as above. We will sometimes use 9n,Sn and H to denote the correponding 
sector and use the symbols 9 y N \ S y N ' , and H (1,> to refer to the i-th phase of these sector. 
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Lemma 5.5. For each atomic type polynomial W with no variable of weight 1/2, then 

On =( H+ Pn ~ L<3 'i + Pn\ > 

H « = 1 - ft, 

= Qi ~ + 5 l N . 

Recall that Jifi is the i-th orbifold line bundle in the W-structure. If (N,on ) 7^ (2,2), then 
on each smooth fiber, the degree of is 

(52) h := deg Jzfi = —1 — 

Proof. The proof is a direct computation using the ring isomorphism in Theorem 12.141 
Lemma 15.31 Lemma 15.41 and Equation (1441) show that the quantities listed are in [0,1). In 
particular, if N = on = 2, i.e., W = x^x 2 + x\x\ , then 

, ( N ) _ 1 

Qn + Pn ~ 1- 

Otherwise, % + pjy E [0,1). Then (1521) follows, since 
k ■= deg J?i = 2cp - 2 9$ - S$ - H® 

= 2 qi - 2 (qi + p^) - (% - 2 p$ + S l N ) - (1 - %) 

= -i-4- 

□ 


The following Giy-decorated graphs will be useful in the computation of X. 



Figure 1. Boundary strata on Wq^On^n, Sn, H) 


Note that the two graphs on the right are the same. Here the element r Yk± £ Gw is 
chosen uniquely such that the Interger Degree Axiom d£|) is satisfied for each component. 
It is possible that J^ lk ± = 0. Let 7^ be the i-th phase of jk,± and 


(53) 


{ 

l 


:=?i-20$, 


hfl := qt - S® 

4?- : = % - 0® 


H®, 

q(I) 


Let ^k+ i^k-) Le the degree of the line bundle on the left(right) component of the 
k -th graph above for k = 1,2. It follows that 


>(0 

k,± 



rl k,± 

ffi) - 

n k,± 



(54) 

(55) 
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In particular, if (IV, ajv) / (2,2), we can use the symbol in (1491) to rewrite the following 
numbers 


(56) 


Qi — 

h® + = -Y it 2 , 


0 { S = Yi, 1, 

= ^,2 - 1 - 


= 1 - Y it o, 5® = i-,_ 2 + 4, 

4?+ = *i,-l -1, 4!- = -n-1 - <v 


5.1.2. Concavity Axiom. Now we introduce the Concavity Axiom from [13] to compute 
the necessary FJRW invariants. We recall the universal W-structure (S £\,..., 2§fjv) on 
the universal curve 7r : ^ ■ ■ ■ ,1k)- A correlator (£i,... is called concave 

if all the insertions are narrow and for each geometric point [C] E W g ,k( 7i, • • • ,7fc), 

(57) H°(C,S(i)=0, 1 <i<N. 


In this case, ?r*(0^1 1 «£?j) = 0, R 1 7 t*( 0^ =1 Jzfj) is locally free, and the Concavity Axiom 
(see Theorem 4.1.8 in [13] ) implies 


N 


(58) 


[w Si fe(r 71i ... i7fc )] — ctop 




(©-25) n[w fl)fc (r. 


7l>—,7fc{ 


2=1 


Here ct op is the top Chern class and [W ff! fc(r 7lj ... )7fc )] is the fundamental cycle. Then 
Theorem 1.1.1 in [Jj expresses the FJRW virtual cycles in terms of tautological classes on 
A ig t k- In particular, on A4 q, 4 w e have R 1 7r*«Sfj / 0 for some unique and 


(59) 



02(9$) 


[T, 


cut I 


Here Kq is the first kappa class, 'tpj is the j-th psi class, E >2 is the second Bernoulli 
polynomial that ^(x) = x 2 — x + and T cut are all the fully Gyu-decorated graphs on 
the boundary. For the correlator X = (On, On, Sn, H) in (03]), the graphs are listed in 
Figured] 


Lemma 5.6. Consider the correlator X = (0n,0n,Sn,H) in (03]). Assume aN > 2. If 
for k = 1,2, the unordered pairs (£^,,^_) satisfy 


(60) (Iffeif) € {(-2,-1)}; (<0' + ,4*'_) € {(-1,-1), (-1.0)}, i < N, 

and the sectors of &n, Sn and H are narrow, then 

-q N ( i -qn) + Y^ e §° (! - e §°) - £ e£°(i - ©S°) 




(61) 


A = I 
2 


j=i 


r cut 


Proof. For a singular curve [C] € Wq,4(0n,0n, Sn, H), from (faJll and (|54|) . we know 


(62) 


/(*) i /w — 

^U i I Yi — — 


(0 _ 


fc. 


fc- 


l(0 

0c,4 


+ 


Hi) 

Oc,- 


= -1 - - <s, 


where 5 narrow is 1 when the local isotropy group at the node acts nontrivially on the fiber 
and 0 otherwise. Thus we can check (1601) holds. 

To apply Concavity axiom (1581) we must check (1571) . which is true if the line bundle 
degrees are negative on all components of all stratifications. Combine (|52D . we only need 
to check when l\^_) = (—1,0) and i < N. According to (|62l) . the unique node n E C 
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must be broad. We denote the normalization of C by p : C\ ]J C 2 —>• C, and get a long 
exact sequence 

0 ->■ H°(C,S*\ c ) ->• H°(Ci,S%\ Cl ) © H°{C 2 ,Sfi\c a ) ->• H°(n,S*\ n ) 

->• fT 1 (C',^| c ) ->• ff 1 (C' 1 ,^|c 1 ) ©fl' 1 (C , 2 ,^|c a ) ->• 0. 

Let us focus on the first line. Since (4+>4*-) = (—1,0), the third term is just C. The 
broadness implies that the last arrow is an isomorphism. Thus (1571) follows. 

Now we apply Riemann-Roch formula to (1521) and (1UU1) . Then i2 1 7r*«2i<jv = 0, and 
R 1 7r*«5f/\r is a vector bundle of rank 1. Now formula (1611) follows from Equation (159 p and 





□ 


5.1.3. Chain Computation. Let W = xf l X 2 + x^fx^ + ... + xff_( xn + x \with oat > 2. 
Combine Lemma 15.31 with the notation in (1561) . we get the following corollary. 

Corollary 5.7. The sectors ©at, Sag an d H are narrow. That is, 1 < i < N, 
and S$ are in (0,1) for all 1 < i < N. Furthermore, we have 

-1 < /»£+ <0 and - 1 < hf + < 0. 

The first equality holds if and only i = N and a at = 3. The second equality holds if and 
only if i = N — 1 and = 3. The third equality holds if and only i = N. 

Using ([51]) . (l55j) . and (1621) . it is easy to check that the corollary above implies 

(f (i) pO\ = \ (d, 1-), ifi = lV — 1 ,ojv = 3, 

i,+ ’ | (—1, — 1 — 8 l N ), otherwise. 

and 

(4?+.4?-) = (-i.-i -4)- 

Then by Lemma 15.61 only FCn has nonzero contribution to the correlator X and m is 
applicable. A direct computation shows 

0$ ) =2q N , H^=sff ) = l-q N , 7 <^ = 1 - 3, q N , 7 ^ = 0. 

We plug these numbers into (16TT) and get 

X = ~(2(2q N )(l - 2q N ) + 2(1 — q N )q N - q N (l — q N ) - (1 - 3qN)3qN — 2(0)(1 - 0)^ = qN- 

5.1.4. Loop polynomial W = xfix 2 + x a2 xz + ■ ■ ■ + xjy + x a fif x\, > 2. Recall the 

notations in (l56l) . we know that Lemma EH implies H^\ ,6$ € (0,1), and 

• € (—1,0) and G (—2,-1) if ajy > 3. 

• € [~ 1,0] otherwise. 

(2) • _ 

Moreover, we know h k + + h k _ = — 1 — 5 l N for all k = 1, 2. According to (1541) . we have 

• The pair (4+’4^) = ( — L —2) and the pair (4+,4^) = (—2, —1) if aw > 3. 

• The pair (4* + ,4*+) e {(—1, — 1), (— 1,0)} otherwise. 
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Thus the correlator X satisfies the condition in Lemma 15.61 and we can apply Formula 
(16T1) to compute its value. A direct computation shows 

= i, = 1 _ y Nfi , S™ = l + Y N ,- 2 , 7i5 = 1 - Y Nt 2, ^=Y Ni _ 1 . 

As a consequence, we have 

2 ( 2Fiv,i(l — Yn,i) + (1 — Yn,o)Yn,o + (1 + Yn~ 2 )(— ^,- 2 )+ 

-iiv,o(l - Y n , 0 ) - (1 - Y N: _ 2 )(Y N ,_ 2 ) - 2y JV) - 1 (l - ^v,-r) 


X = 


= 


5.1.5. Loop polynomial W = + x a2 x 3 + ... + + x^xi, ajy = 2. As we will 

see below, X = (On, On, Sn, H) is never concave in those cases. We can use Lemma 15.41 
to compute the phases. Now we list all the cases as follows: 

Case 1. IV = 2 and a^-i = 2. In this case, On and On- 1 are broad. 

Case 2. N = 2 and ajv_ 1 > 2. In this case, On is broad. 

Case 3. IV > 3. In this case, h[ N + ^ € (0,1) and h\ N _ ^ € (—2, —1). This implies l\ N + ^ = 

0 and = —2. A similar discussion using the normalization exact sequence 

as in Lemma [5761 implies there is a singular curve [C] £ 'W 0 , 4 ( 0 iv, 0n , Sn , H ), such 
that H°(C, JfN-i\c) = C. Thus the correlator is not concave. 

Now we compute the correlator X = (On, On, Sn, H) for each case as shown above. 


Case 1: In this case W = x\x 2 + X4X 2 and both 0\ and O 2 are broad. We recall that the 
mirror map 'L in (1191) is given by 

1 = T(l) = fl ; J w \, J 2 :='S>(x 1 x 2 ) = \1 ; Jw\, = ^{xi) = \xi ; lj, * = 1,2. 

Since two variables x\ and x 2 are symmetric in W, we only need to compute 

X=(0 1 ,0 1 ,0 2 ,J 2 ) = (0i,0 2 ,0 2 ,J 2 ). 

Both 0\ and 0 2 are broad. It is very difficult for us to compute X directly. However, all 
the correlators can still be determined by WDVV equations and the correlator 

A 0 := (J 2 ,J 2 ,J 2 ,J 2 ,J 2 ,J 2 ,J 2 ). 

We can check that Xq is concave and 

deg Jtfj = degJz ?2 = —3. 

This correlator can be calculated by the Concavity Axiom using Theorem 1.1.1 in [7]. 
Actually, all the combinatoric data appear in the computation of Xq are exactly the same 
as the data in the computation of (J|, , Jp , Jp , J|, , Jp , J‘f }i , } in the FJRW theory 

of a pair (D 4 = x\x 2 + x\, { Jd 4 })- The later is worked out in [15]. Hence we get 


By the Dimension Axiom and Integer Degrees Axiom on the B-side (see Lemma ED , 
besides X and Xq, all other possible nonvanishing primary correlators with at least four 
insertions are 

Xi = <0l,0l,0l,J 2 > = <02,02, 02, A 

X 2 = (04,04, J 2 , J 2 , J 2 ) = <02, 02, J 2 , J 2 , J 2 ), 

X 3 = (O4,0 2 ,J 2 ,J 2 ,J 2 ). 
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Since the pairing satisfies 


V0l,0l VO2,02 V6 1,02 1 1 

the inverse of the pairing matrix is 



We apply Reconstruction Lemma 14.31 to X\ with j = 5 = 9 2 , £ = (j> = 9i. We find 

-2Xi = X + X - (-2A). 

Apply Reconstruction Lemma fOl to X\. X 2 and A 3 , with 7 = S = J 2 , £ = (f> = 0\. We 
get 

-2X 2 = 2 [~lx 2 x - ^(2AA 1 ) - j^A 2 ) , 

-2x^2(-\xx l -\ XXl .^x^y 

~ 2 X °={t) (-|* 5 -£(«>*)-f*S). 

Combine all the equations together, we get 

(63) Ai = —2 A, A 2 = 2A 2 , A 3 = -A 2 , A 0 = 6A 4 . 


This implies 


(64) 



for some fourth root of unity c. 


Now the result follows by adjusting the mirror map T via 


T(xj) = c 1 \x i ; lj, i = 1,2 


and adjusting the pairing similarly. 


Case 2: If N = 2, a n = 2, and ajv-i > 2, then W = x\x 2 + x 2 x\ and 

<«.«> = (sra-I ty)' 

In this case 0 2 is broad, but the correlator (0i, 9\, 0“ _ 2 0 2 , 9^~ l 9 2 ) is concave and we can 
apply Formula (fBTT) to get 

(65) (0 1 ,0 1 ,6 a 1 - 2 0 2 ,9 a 1 - 1 9 2 ) = qi . 

Next we will use reconstruction to compute the correlator A = (0 2 , 0 2 , 9\, 9i~ 1 9 2 ). We 
notice that W T = W, and under the Krawitz’s map T, the relations in J&c{W T ) become 

( 66 ) a9 a l ~ 1 9 2 + 9 2 = 0, 0? + 2 9 X 9 2 = 0. 

Now we apply the Reconstruction Lemma 14.31 with 7 = = 0 2) e = 61 , and <f = 9^~ 2 9 2 . 

Then 5 * <f> = 0“~ 2 0 2 = 0 by (1661) and our assumption that a > 2. Then 

A = (0i,0 2 ,0r 2 0 2 ,M 2 ) - {9 ll 9 ll 9 a l ~ 2 9 2l 9l) 

= <0!, 0 2 ,0r 2 0 2 , -^0?) - (0i, 0i, 0“- 2 0 2 , -a0? _1 0 2 > 

= -|< 0 i, 0 2) 0 r 2 0 2 , 0 ?)+«<?!. 


( 67 ) 
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The second equality follows from (1661) and the third equality is a consequence of the 
formula (1551) . Now we apply the Reconstruction Lemma FOl again to (0i, 02 , 0 “~ 2 02 , Of) 
with <5 = 02 , 7 = 0 “ _ 2 02 ) e = Ox, and f = 0“ _1 . This time < 5*7 = 0, and we find 

10 O O a ~ 2a QO-\ IQ Q aa—2a QO’—Iq \ i IQ Q aa— 1 aa —In \ 

{Vl,V2,Vi t> 1 ) — \t/i, t/j, tq (7-2, Ci <72/ + \ui, 6 / 2 , (R , C ^ 1 f? 2 / 

( 68 ) , 

= < ?1 + ( 0 1 , 02 ,@r l , 0 r l 02 ). 

Finally, we apply the Reconstruction Lemma 14.31 to (0\, 0 2 , Of _ 1 , 0 i _ 1 02 ) with <5 = 02 , 
7 = 0“ _ 1 0 2 , e = 0i, and (f> = 0f~ 2 . Then 7* <5 = 0“ _ 1 0 2 = 0 and e* 7 = 0 2 0f = 0 by (1661) . 
so we get 

(69) (0i,0 2 ,0r l ,0r l 0 2 ) = <0i,0i,0r 2 0 2 ,0r i 0 2 ) = ?i. 

Thus from ([65]) . (1671) . (1681) . and (l69l) . we have deduced that 

X = (a - l)qi = 52 - 

Case 3: In this case, N > 3 and a at = 2. Now the correlator is not concave and Formula 
(15T1) is not applicable directly. However, we can use the following techniques of Guere [23] 
for computing the Polishchuk-Vaintrob virtual class. 


Theorem 5.8. [23J Let W be an invertible polynomial of atomic type. Let Y be a corre¬ 
lator such that there is some i £ IV where H°(C,J£i) = 0 for any geometric fiber C. Let 
t(j) be the unique index such that x® 3 x t (j) is a monomial ofW. Define 

\t (j ) = \ a \ if / 0 , 

A j = A, for every remaining index j. 

Then the corresponding Polishchuk-Vaintrob virtual class c v i r (T) in H*(\V g> k, C) is 


N 


N 


(70) 


(Y) = Jim [11(1- ] exp [ £ £ s e(^j) Ch,(R^-) ] , 


G=i 


,2 = 1 1>X 


where Ch^ is the term of degree t of the Chern character, 


k=1 ' 


— X 


7(£, k), 


and 7 (£, k) is defined by the generating function 


£>0 


(e z - l) fc 
k! 


On the other hand, when all insertions in the correlator are narrow, Chang-Li-Li [ 6 ] 
showed that the Polishchuk-Vaintrob and Fan-Jarvis-Ruan-Witten virtual classes are 
equal. Thus we can use Formula (1701) to compute the correlator X in Case 3, where 
t(j) = j + 1. According to (f52l) . on a generic fiber, the line bundle degrees are 

degJz fj = —1 for j < N , and deg.i?Ar = —2. 

Then Cho(i? 7 r*j 2 j) = h°(C,JYj ) — h l (C,Jzfj) = deg(«2j) + 1 by Riemann-Roch. Thus 
Cho(Rvr*«S^) = 0 for j < N, and Cho(i?7r*Jz?jv) = — 1 . 
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Also, since we are working on Mo, 4 , by degree considerations the sum over t has only 
the summand £ = 1, and the power series defined by the exponential terminates after the 
linear part. Thus, plugging in the function Sj , Formula (1701) becomes 

c vlr (X) = lim(l - A.vJ D + (-i - Al) Ch ^Rn.Z’j) 

= - V lim MLZM 

^ J A—1 — A j 

J=l J 

where A n = A -0 ^ -1 and A j = A for j < N. Because S£j is concave and lj = —1 for 
j < N — 1, so Chi^TT*^) = 0. Thus 

c vir (X) = - lim -A----Cli^A^J^v-i) - Ch^fl^JSfjv) 

\ A—>-1 1 — A 

= OAT-I Chi(i?7T*^fAT-l) — Chi(f?7T*^f7v)- 
As in the derivation of m, we can apply Theorem 1.1.1 in [7] to compute 
X = ciN-i(—qN-i — 2Af ^) — (—1 + 2p^) = q^- 

5.2. B-model computation: a perturbative formula. In this section we prove Part 
(3) of Theorem 13.31 

Proposition 5.9. Let qi be the i th weight ofW and Mi be any monomial of a Fermat or 
loop summand, or the final monomial of a chain summand in W T , then 

(71) (xi, Xi, Mi/x 2 , cj) wT ) = -qi, 


Proof. Since the variables are symmetric in loop case, we only need to deal with i = N. 
Let / = W T . We recall that the perturbative formula (|15|) takes the following form 


(72) e^ F ~ f)/z C(z, s) = 


d N x 


i+z _1 E. 


— lH>a 


+ Z 


-2 




-2 'rot 


+ ... 


e H f [s]. 


By definition (ITEl) and Equation (fl5l) . we know 
(73) (x n ,x n ,M n /x 2 n ,(/) w t) = 


M F sg 

° •'o,/,C 


d 2 t XN dt s dt H 




t=o 


d 2 t XN dt s 


t=o 


Here we denote S := M^/x 2 N ,H := 4 > w t and t a is the flat coordinate dual to 4> a . 
Following the notations in Section 12.2.21 we use the subscript (< k ) to denote the k- 
th Taylor expansion in terms of s (or t). As shown in Proposition 3.12 in [3Tj . the 
perturbative formula implies that (7 r g G ( .)(< 4 )(t) depends on C(<i)( s ); the primitive form 
up to first order, only. The algorithm described in Section 12 . 2.21 shows that 

C ( <i)(s) = [d N x\. 

Therefore we only need to expand the LHS of (1771) using C(<i)( s ) 


d N x ( 1 + 


F-f IT — / 

: 2! 1 z 


Y H—( 

’ 3 ! 1 


I,F-f, 


+ 0{ s 4 


to compute the 4-point function. The term Jpf 2 corresponds to the coefficient in front of 
z~ 2 [<f>\d N x] = z~ 2 [d N x\. The correlation function (1731) comes from e x j s z-Hd»x}. 
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The contribution from is 4y. This has no contribution to the RHS of Equation 

(l73l) . since the Equation (ThU) shows 

s a = ta + 0( t"). 

Thus the correlator (.xjv, xn, Mj^/x 2 n , 4 >w t ) is just twice of the coefficient of s 2 N ss z~ 2 (j )i 
in (again using s a = t a + 0( t 2 ).). On the other hand, since 

m n . , r 
xnxn o = Mat, 

X N 

to obtain (fTTD . we only need to prove the following equation: 

(74) [MncI n x\ = — qx z[d N x\ G ' Hf. 

For both Fermat polynomial and chain polynomial, Equation (1741) is true because 

ajsr[M]yd N x\ = — z[d N x\ G Hf. 

For the loop polynomial, Equation (1741) follows from Equation (1481) and by cancelling 
Mi, • • • , Mtv-i among the relations 


CLi[Mid N x\ + [Mi + \d N x\ = — z[d N x] G Hf. 


•N „ 




□ 


6 . Reconstruction II 

In this section, we prove Part (1) of Theorem l3.3l which completes the proof of Theorem 
P The proof uses the WDVV equations, Jacobi relations (FJRW ring relations), and 
properties shared by correlators in both models. 

Recall from Definition 14.51 that a correlator X is of type £_i if it has at least four 
insertions, satisfies properties (PI), (P2), and (P3) in Lemma 14.41 and has the form 

X ( X]s ], . . . , X TV, X TV—1, • • • , X]y —1 j • • • ; X \, . . . , X \, OL , /J). 

To prove Theorem 13.31 it suffices to show that any correlator of type X_i can be recon¬ 
structed from the correlators in Theorem 13.31 In this section we reconstruct correlators 
of type £_i from correlators of “type 3Co” (see Definition 16. 101) . which are associated to a 
particular atomic summand of IT. In the next three sections we reconstruct correlators 
of type 3Co from the correlators in Theorem 13.31 

We will use the following notation. Suppose that IT = ® Wj is a disjoint sum, where 
each summand Wj is of atomic type as described in Theorem 12.11 If Xi is a variable 
appearing in Wj. we say that X{ € Wj, or simply i G Wj. Likewise, if a is a monomial in 
variables appearing in Wj, we say a G Wj. We define Kw '■= XasVU For any ordered 
subset of indices S C {1, 2, • • • , N}, we define 

Kg-^Ki, K s := (ifi)i e s, 

ies 

that is, Ks is a vector of the K, such that i is in S and Ks is the sum of the components 
of this vector. We define £§, m§, and ns similarly. 
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6.1. Reduction to Atomic Types. The goal of this section is to reduce the proof of 

Theorem 13.31 Part (1) to a reconstruction for each atomic type. More specifically, in 
this section we prove Proposition 16.121 which says that any correlator of type X_i can be 
reconstructed from correlators satisfying ^ — 2; for some j. That is, we reconstruct 

from correlators with at least two primitive insertions coming from some summand Wj of 
VP. We say these correlators have type Xo- 

Throughout the remainder of this paper, we take i + N = i whenever i is in a length- N 
loop summand of VP. 

6.1.1. Preliminaries on loop indices. Let A be a correlator of type X_i. We will prove 
the main result of this section, Proposition 16.121 by analyzing possible values for K\y. 

Definition 6.1. We say that i € W is a loop index if 

(75) aibi + b i+ i = ti + n* + m* + 2. 

For each summand Wj, we say a set of loop indices S C Wj obeys the Negative-Positive 
rule (the NP-rule) if it has the property that for any index i € S, if Ki < 0, then the 
index i + 1 € S. 


Note that if VP is a loop, every f € VP is a loop index, and if VP is an IV-variable chain, 
every i < N is a loop index. The following lemma summarizes some useful inequalities 
for loop indices. 


Lemma 6.2. If i € VP is a loop index, then the following inequalities hold: 

(76) rrii + n* = a*(Lj — Ki + 1) + (li+i — Ki+\ + 1) — — 2. 

(77) a{Ki + Aj+i > (aj — 1 ){f% — 1) + li+i- 

(78) (a.; — 1 )ii + Ii +1 < ai{Ki + 1) + -Aj+i — 1. 

(79) Ki + ATj_|_i > (1 — «i)(l + Ki). 


Proof. We obtain (ITHli by substituting bi = li — Ki + 1 into (l75li . Then (1771) follows from 
using Property (P3) in Lemma 14.41 which says that nj+mj < 2oj —2. Rearranging slightly, 
we get (1751) . Then the last inequality follows by using ii > 0 and adding (1 — af)Ki to 
both sides of (1771) . □ 


From inequality (1791) . we get the following corollary. 


Corollary 6.3. If i € VP is a loop index, then 

I<i < 0 => I\i + K i+ 1 > 0 
Furthermore, the equality holds when (Ki,Ki + 1 ) = (—1,1). 


The lemma and corollary above will be used repeatedly in our reconstruction for the 
loop and chain polynomials. In addition, they determine Ks when S' is a set of loop 
indices that obeys the NP-rule. 


Lemma 6.4. Let S C VP be a set of loop indices that obeys the NP-rule. Then 

(80) K s > 0 . 

Furthermore, we have the following cases: 

• If Ks = 0, then Ks is a concatenation of (0)s and (-l,l)s. 

• If Ks = 1, then Ks is a concatenation of ( 0 )s and (-l,l)s with one copy of ( 1 ), 
(-1,2), or (-2,3). If (Ki,K i+1 ) = (-2,3), then ai = 2. 
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Proof. If there exists some index i E S such that A'; < 0, then i + 1 € S by assumption 
and Corollary 16.31 implies A'; + A'; + i > 0. Furthermore, AT ;_\ > 0 if i — 1 £ 5 and 

E K S< R S- 

jes, 
jf=i,i +1 

If (180]) fails, we can repeat the process above for all negative Ki and eventually get a 
contradiction. Thus Kg > 0. 

Let A = {i E S | Ki > 0, Ki-\ > 0}. Then Corollary 16.31 implies 

(81) E K i^ K S - 

ieA 

If Ks = 0, then we get Ki = 0 for each i E A. Another application of Corollary 16.31 
shows that the rest of the AT;’ s are pairs of (—1,1). 

If Ks = 1, then (1811) implies there is at most one j E A such that Kj = 1. If there 
is one such j E A, then as the same discussion as above shows Kj = 0 for i E A, i ^ j 
and the rest of the Kf s are pairs of (—1,1). If there is no such j E A. then Ki = 0 for 
all i E A. For the rest of the Kf s, besides pairs of (—1,1), there will be exactly one pair 
(Ki,Ki + i) such that Ki < 0, A'* + /Lj+i = 1- Then the statement follows from (1791) and 

Oj > 2. □ 


Once we know Kw, we can often solve for Kw and mw + nwi as in the following two 
lemmas. 


Lemma 6.5. Let i € W be a loop index. Then 


(82) (Ki,K i+ i) = (-l,l) 

(83) (Ki,K i+ j) = (-1,2) 

(84) (Ki,K i+ 1 ) = (-2,3) 

(85) (4%) = (0,0) 

( 86 ) ( A ^) = ( 0 , 1),^ +1 <0 


(£i,li + i) = (0,0) and m* + ni = 2a; - 2. 
(£;,£;+ 1 ) = (1,0) or (0,1) or (0,0). 

(tiA+ 1) = (0,0). 

(K i ,K i+ i)/(l,0). 

(K i+l ,£ i+1 ) = (0,0) and rm + n; = 2a; - 2. 


Proof. We can check this by using Lemma 16.21 More explicitly, we obtain the values of 
(£;,£;_|_i) by plugging the values of (iL;,iL; + 1 ) into (1781) . Then the values of (m;,n;) will 
follow from (|76D . For (1851) . we get it from (|76D and m; + ri; > 0. For the last property, we 
apply (1771) to obtain 0 > iL; + i > £;+i. This implies K l+ \ = £; +1 = 0 and the statement 
follows again from (1761) . □ 


Lemma 6.6. Let i € S be a loop index where Ks is a concatenation of (0)s and (-l,l)s, 
and suppose i + lGS or Ki+i < 0. Then £; < 1, and £; = 1 implies rrt; + m = 2a; — 2. 


Proof. Suppose > 2. Then AT; = 0 by ([82]) . If i + 1 E S', since Ks is a concatenation of 
(0)s and (-l,l)s, we have = 0 or —1. So AT; + i < 0. Then from (1771) . 

0 >K ; + 1 > (a; - !)((?; -l)+£; + i. 


But the right hand side is strictly positive, which is a contradiction. 

So £; < 1 as desired. If = 1, then we saw in the previous paragraph that AT; = 0. 
Since AT; + i < 0, the remainder of the result follows from (1761) and (|83l) . □ 
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6.1.2. Reduction to atomic types. We are now ready to prove the first big lemma. 

Lemma 6.7. Let X be a correlator of type X_i for W = 0 IF*. There is a unique j such 
that K\y. = 1. If i / j then Kw { = 0. 

Proof. We will prove that Kw, > 0 for each j. Then the result follows from (|38l) . We 
have three cases, depending on the atomic type of Wj. If Wj is a Fermat, then Kwj > 0 
by Lemma 14.61 If Wj is a loop, then K\v :i > 0 by Lemma 16.41 
So assume Wj is a chain with variables xi,... ,xn- We know 

a NbN = (-N + m N + n N + 2 < 7/v + 2ajy. 

This implies 

(87) Kn = £n — b]y + 1 > 7/v(l — 1/njv) ~ 1 > — 1. 

Moreover, if Kn = —1, then the inequality above implies In = 0. 

Assume for contradiction that Kw < —1. If {1,... ,N — 1} does not obey the NP-rule, 
then Kn~i < 0. So by (1791) . Kn ~i + Kn > 0 and also Kn ~2 > 0. Thus {1 ,...,N — 2} 
obeys the NP-rule. So Lemma R7T~T1 shows Y2i<n-i > 0. Combining Kn- 1 + Kn > 0, 
this contradicts our assumption that Kw :j < —1. Thus {1,..., N — 1} obeys the NP-rule. 
So (|5Uj) in Lemma 16.41 and (1571) imply 

Kn = —1, Kj = 0. 

i<N 

We use Lemma 16.41 to find three possibilities for K\Vj • In each case we use (1781) to 
compute t?Wj and (1761) to compute m-Wj + nwj • Also recall that (1571) implies £n = 0 so 
mjv + nN = 2 on — 2. We list all the possibilities here, using the notation K = K\Vj and 
so forth. Also we let M t = 2aj — 2. We will omit the subscript in M t in the way that the 
M which appears in the i th spot represents Mj. 

• K = (...,0,-1), n + m= (..., oat-i, M); 

• K = (—1,1,..., -1,1,-1), n + m = (M, 0 ,... ,M, 0, M); 

• K = (... ,0, —1,1,..., —1,1, —1), n + m = (..., a r ,M,0,... , M,0, M). 

In each case, a and (3 cannot both satisfy Property (P3) in Lemma 14.41 This contradicts 
our assumption that X is of type X_i. □ 

Now we know what (Kwi ■ Kw 2 > • • •) looks like: it is a tuple of zeros with a single 1. 
The next lemma investigates the form of K\y. when Kw :j = 0. 

Lemma 6.8. Let X be a correlator of type X^i. If Kw = 0, then 

(1) IfW is a Fermat then 7 = 0. 

(2) If W is a loop then for all i € W we have £i < 1. 

(3) IfW is a chain with Kn > 0 then for all i £ W we have £\<1. 

Furthermore, if li = 1 then mi + > a*. 

Proof. The claim for the Fermat type follows from (142|1 when we substitute K = 0. 

If IF is a loop, by Lemma 16~H the tuple Kw is some concatenation of of (—1, l)s and 
(0)s. Also, for every i € W, certainly i + 1 € IF. So this result follows from Lemma 16.61 
Finally, let IF be a chain. We will show that K is a concatenation of (0)s and (- 
l,l)s. If the set {1,... , N — 1} obeys the NP-rule, then ^T <iV FQ > 0. Since Kn > 0 
and YliKi = 0, we must have Xa<w = Kn = 0 and by Lemma 16.41 the vector 
(K 1 ,..., Kn~ 1 ) is a concatentation of (0)s and (-l,l)s. 
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On the other hand, if {1,..., N — 1} does not obey the NP-rule, then Kn~i < —1. But 
then (f79D shows that Kn -2 cannot be negative, so the set {1,... , N — 2} obeys the NP- 
rule. Also (1791) shows that Kn~i + Kn > 0, so Yli<N _2 < 0- Then Lemma [ATI tells us 

that Y1i<n -2 = Kn~ 1 + Kn = 0. So (K \,..., Kn- 2 ) is a concatentation of (0)s and 

(—1,l)s. Also Kn = —Kjsr-i, and plugging into (1791) tells us that 0 > (1 — dj)( 1 + Ajv_i)- 
This means that Kn- 1 = — 1, so iLjv = 1- 

Thus K is a concatenation of (0)s and (-l,l)s. Then Lemma [fi.fil proves this lemma for 
i < N. Thus we only need to check when i = N. We’ve seen above that Kn is 0 or 1. If 
Kn = 1, we saw above that Kn- 1 = —1 and so by Lemma IH31 In = 0. If Kn = 0, then 
(1H71) says 

In < «jv/(ajv — !)• 

If o n > 3, then In < 1, and if = 1 then mAr + r^v = 2ccv — 3 > on- 

If £n = = 2, then there are two possibilities: 

• K = (..., —1,1,0), £ = (..., 0,0,2), m + n = (... , M, 1, M) 

• K = (..., 0,0), 1= (..., 0, 2), m + n = (..., cijv-i + 1, M) 

Here M = 2a — 2. We used (1751) and (1761) to compute £ and m + n, respectively. In both 
cases, the form of m + n contradicts Property (P3) in Lemma 14.41 

Then £n < 1, as desired. In fact, we will show that when un = 2, we have £n = 0, so 
the remainder of the lemma is vacuously true in this case. For if Tv = 1 then there are 
three possibilities: 

• K = (...,0, —1,1,...,—1,1,0), £ = (... ,0,0,0,... 0,0,1), m + n = (... ,a r ,M, 
0,..., M, 0,1) 

• K = (-1,1,...,-1,1,0), £= (0,0,..., 0,0,1), m + n = (M, 0,..., M, 0,1) 

• K = (.. .,0,0), £=(... ,0,1), m + n = (...,cjat-i, 1) 

In each case, the form of m + n contradicts Property (P3) in Lemma 14.41 □ 

In the remainder of this paper we will repeatedly reconstruct correlators using Lemma 
m This lemma allows us to write X = A + B + C + S where A, B, and C are Appoint 
correlators and S' is a linear combination of correlators with fewer than k insertions. If X 
is a correlator of type £_i it is critical to understand when A, B, and C have type X_i 
and how K> 4 , K B , and K c ' relate to K A . 

If A ^ 0 has the form of (1341) then by Lemma 14.41 it satisfies (PI) and (P2). Moreover, 
if A satisfies (P3) then it is of type £_i, and in this case bf = bf because the changes in 
£f , rrif , and nf cancel each other out. Hence Kf — Kf = £f — £f. 

If A does not satisfy (P3), then we reduce its insertions so they are in the standard 
basis, yielding an equivalent correlator A' of type 3t_i. Suppose the reconstruction only 
affected variables in the direct summand Wj of W ; i.e., £f = if, mf = mf, and nf = nf 
for all i not in Wj. Then mf = mf and nf = nf for all i ^ Wj (though we may have 
mf 7 ^ mf for some i € Wj). Hence by the above discussion, Kf, = Kf k = Kf for all 
k / j. Then (P2) implies Kfy. = Kf, = Kf. as well. 

The same argument above works for the other two correlators B and C as well. These 
observations lead to the following remark. 

Remark 6.9. Suppose Lemma \4-S\ yields an equation X = A + B + C + S with X, A, B, 
and C correlators. We have the following results for A: 

(1) If A 7 ^ 0 is of type X_i, then Kf — Kf = £f — £f . 
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(2) If A! is obtained from A by writing its insertions in the standard basis, and if 
if = lf,mf = mf, and nf = nf for all i not in Wj, then K(f = 

for all k (including k = j). 

Furthermore, if A is any nonvanishing correlator of type X_i, then 

(3) If there exists i E Wj with li >2 and Wj is a chain with K^ > 0, a Fermat, or a 
loop, then by Lemma Ih.ffl we have Ky(. = 1 • 

The same results above are true for correlators B and C as well. 

Definition 6.10. A correlator X is called of type To for W = ® Wj if X is of type T_i 
with Kwi = 1 and K\\j = 0 for j > 1 , and 

( 88 ) 4 > 2 - 

ieWi 

The main result of this section is to reconstruct correlators of type T_i from correlators 
of type To, see Proposition 16.121 By using the Jacobi relations, it is not hard to get the 
following lemma. 

Lemma 6.11. Let a = xf n ...x^ N be a monomial in the standard basis of a chain 
polynomial. If i < N then either Xia = 0, or when xta is written in the standard basis as 

m'i m' N , 

x l ... x N , with m N = mjv- 

Proposition 6.12. Any correlator of type T_i can be reconstructed from correlators of 
type To and correlators with fewer insertions. 

Proof. Let X be a correlator of type T_i. Using Lemma [6.71 and reordering the summands 
of W if necessary, we may assume K\y i = 1 and K\v :i = 0 for j > 1 . If for all j > 1, the 

summand Wj is a Fermat, then Lemma 16.81 shows l{ = 0 for i E Wj for j > 1. Then since 

fZi&w — 2 ) we know ( 1 HH 1 ) holds. 

Now assume that (1881) does not hold for X. Then we can assume that W 2 is a loop or 
chain polynomial and that there is i € W 2 with li > 1 . 

If W 2 is a chain, we do some preparatory reconstruction so Lemma 16.81 is applicable. 
Let us label the last variable of IU 2 by N 2 . We know from (1H71) that Kn 2 > — 1. If 
Kjy 2 = —1, we saw in the proof of Lemma 16.71 that I ^ 2 = 0 (so in particular i / IV 2 ) and 
mN 2 = njv 2 = ajsr 2 — 1, so X = (xi, ..., XN 2 a, (3). Now apply the Reconstruction Lemma 
14.31 with 7 = (3, 5 = Xi, e = xn 2 , and (j) = a. Then 

(89) X = ( x N2 , ..., x^, /3) - (x N2 , ..., Xi(3, a) + (xi, ..., a, x N2 /3) + S. 

If these correlators are nonvanishing, by Remark 16.91 21 they each have K\y } = 1 . Also 
Kn 2 P 0 for the first two since In 2 > 1. If I\n 2 = — 1 f° r the last correlator, then it 
vanishes because m ^ 2 = aj\r 2 — 2 7 ^ a ^ 2 — 1. Thus we may assume K ^ 2 > 0. 

Now we return to the general case where W 2 is a chain or a loop. By Lemma 16.81 
we know li = 1 and X = (xi,Xk, ■ ■ ■ ,Xia,(3) for some k / i. Apply the Reconstruction 
Lemma with 7 = [3,5 = Xk, e = 07 , and (f = a, yielding 

(90) A' = (xi, Xi, ...,/3, x k a) - (xi,Xi, ...,a, x k /3) + {xi,x k , ...,a, Xi(3 ) + S. 

We need to check that if W 2 is a chain, Lemma 16.81 is still applicable to each of these 
correlators; i.e., Kjy 2 > 0. Now if k E W 2 and k = N 2 , swap the values of i and k. This 
way we can assume k 7 ^ N 2 (since i and k were distinct). There are two cases: 

• If i = N -2 then all three of the correlators above have In 2 > 0, so each has Kjy 2 > 0. 
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• If i N 2 , by Lemma 16.111 the exponents mjv 2 and njv 2 do not change when we 
write the correlator insertions in the standard basis. Thus K^ 2 is unaffected, and 
so is still nonnegative for each correlator. 

Now we apply Lemma 16.81 to the first two correlators in (1901) : if they do not vanish, 
Kw 2 = 1) since > 2. Thus these correlators have the desired form. Now, the third cor¬ 
relator still has K\y 2 = 0 by Remark 16.9( 2). Therefore, we can repeat this reconstruction 
on the third correlator. Eventually the third correlator will have rrii + rij < ctj — 1, which 
contradicts Lemma 16.81 land thus this final correlator vanishes). □ 

6.1.3. Reconstruction strategy for atomic types. In Sections 16.2116.31 and !6.4[ we will prove 

Proposition 6.13. Let W be an invertible polynomial and write W T as the sum of 
monomials W 1 = Mi + ... + Mjv- Then the potential J 7 ®'^ is completely determined 
by the Frobenius algebra structure and the correlators 

(91) (xi, Xi, Mi/xf , cf W T) 

where Mi is a Fermat summand x a with a > 2; any monomial of a loop summand; or the 
final monomial of a chain summand. 

Moreover, given an isomorphism of graded Frobenius algebras T : Jac(VF T ) = (^%,*) 
satisfying (12U1) , the potential is similarly determind by the correlators 

(T(xi), Xi ), T(Mj/xf), ^(c/) w t)}. 

Since our proof of the first claim in Proposition 16.131 essentially uses only Lemma 14.11 
and Lemma 14.31 the second claim is an immediate corollary. 

After reordering the summands of W so that xi is in W \, the correlators in (1911) are all 
of type Xo- We say the correlators in (19TT) have final type. To prove Proposition 16.131 it 
suffices to reconstruct correlators of type Xo from correlators of final type. 

We will prove this reconstruction in three cases, depending on whether W\ is a Fermat, 
chain, or loop, in Sections 16.21 16.31 and 16.41 respectively. In each case, we filter the 
correlators with several types, denoted by 3 a-, <£*., and £&, respectively. Correlators of 
type 3o (or £oi £ 0 ) are correlators of type Xo where W\ is a Fermat (or chain, loop) 
polynomial. The types with the largest values of k are correlators of final type. 

For each atomic type, we prove Proposition 16.131 by induction on k. In the k -th step, 
we reconstruct a correlator of type 3 fc-i (or £fc_i, £fc-i) from correlators of type 3 >fc (or 
(£>£,£>&), correlators that vanish, and correlators with fewer insertions. 

Remark 6.14. Let X be a correlator of type X_i with K\Vj = 1 and = 0 for i / j 

and YlreWj 4- > 2. By reordering the summands of W we can assume j = 1, so X is of 

type Xo- In the remainder of our reconstruction argument we will make this assumption 
whenever possible. When X is of type Xo, we let K = Kwi and we use l,m, and n 
similarly. 

6.2. Fermat Reconstruction. This subsection proves Proposition 16. 13l for W = (J) W{ 
when W\ = x a is a Fermat polynomial with a > 2. We start with the following definition. 

Definition 6.15. Let X be of type 5o for W. Then 

• X is of type 31 if X = (x, x, x a ~ 2 a , x a ~~ 2 /3). 

• X is of type 3 2 if X = (x, x, x a ~ 2 , f> wT ). 


Now we prove Proposition 16. 13l in two steps. 
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Step 1. Let X be a correlator of type 5o- Using (142j) . we have 


K > 


1 - 


1 


1 

+ -- 1 . 
a 


Plugging in K = 1 we get £ < 2, so £ = 2. Then m shows that m + n = 2a — 4. 

So we know X = (x n ^ W\, ..., Xi s 0 W\, x, x, x a ~ 2 a, x a ~ 2 (3) with a, /3 € W — W\. 
If X has four insertions, then it is of type 34 and we are done. 

If not, there is some insertion Xi where i W\. Apply the Reconstruction Lemma 14.31 
with 5 = Xi, e = x, 4> = x a ~ 3 a, and 7 = x a ~ 2 /3. Then ey has a factor of x a_1 which is 
zero in Jac(IU r ). But the two remaining terms (with yd and <f>5) have £ = 3, and so these 
correlators must also vanish (if Kw 1 = 1 then £\ < 2; if K\y. = 0 then £j = 0 by Lemma 
16.81) . So we can reconstruct X from correlators with strictly fewer insertions. □ 


Step 2. Let X = (x, x, x a ~ 2 a, x a ~ 2 f3) be a correlator of type ST Apply the Reconstruc¬ 
tion Lemma 14.31 with y = x, e = x a ~ 2 , = a, and 5 = x a ~ 2 /3. Then ye and yd both 

vanish because they have a factor of x“ _1 , and we get 

X = (x , x, x a ~ 2 , x a ^ 2 aj3). 

Now by the Dimension Axiom in Lemma 14.11 if X T 0, the product a/3 must be pro¬ 
portional to the unique element of top degree in Jac(IU T — Wj). Hence A is a scalar 
multiple of a correlator of type $ 2 - □ 


6.3. Chain Reconstruction. This subsection proves Proposition 16.131 for W = (J) Wi 
when W\ = xf L X 2 + x^fx?, + ... + x a ^ is a chain. 


6.3.1. Preliminary facts about chain polynomials. We will repeatedly use the following 
relations in Jac(H / ) r ): 

( aix“ 1-1 = — x^ 2 ', 

(92) < mxi- ix “ i_1 = i = 2, • • • , N - 1; 

{ x N -ix a ^ _1 = 0 . 

These relations imply 

(93) x'i_ 1 ay' 1 =0, i < N. 

Additionally, the following lemma tells us what K looks like in most cases. 

Lemma 6.16. If Kw 1 = 1 andW\ = x\ 1 X 2 + x t f 2 X 3 +.. . + x a j)f is a chain, thenK^<£^. 
If in addition Kn > 0, then K is one of the following: 

• A concatenation of (0)s and (-l,l)s followed by (1) 

• A concatenation of (0)s and (-l,l)s with one of (-1,2), (-2,3), or (1), followed by 

( 0 ). 


Proof. We know that mjy+njsr = (Tv - Kn+1)—£^— 2. Combining this with mjv+njv > 0, 
we know /Tv < £n because 


K n < 



aw — 2 
aw - 1 


QjV — 1 
CIN 


< Tv + 1. 


If Kjy > 0, then {1,... , N — 1} obeys the NP-rule. Otherwise we must have K^-i < 0. 
However, because mjv -1 + Jijv-i < 2 oat-i — 2, equation (ESI) shows that 


iflN—i — l)Tv-i — un-iKn-i + ajv-i + (Tv — Xn) - 1 < 2ajv_i — 2. 
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Because In-i > 0, and Lf/v-i < — 1, and In —Km > 0, the left hand side of this inequality 
must be at least 2a/v-i — 1. This is a contradiction. 

Thus {1,..., iV — 1} obeys the NP-rule and Lemma [6.41 implies ^T <Ar — 0- Then we 
have {Xy<iv Kn} = {0,1}. Thus by Lemma l6~41 we obtain the first case if Km = 1 
and we obtain the second case if Km = 0 . □ 

We introduce the following definition. 

Definition 6.17. Let X and X' be correlators of type Co with the same number of in¬ 
sertions. Assume YliLi A = YliLi w here 1,..., N are the indices in W\. We say that 
X > X’ if In = l' N , ... ,l r +i = £' r +\; and l r > £' r , for some r E W\. We say that X is 
maximal if there does not exist X' > X, or equivalently, if 

X = (x h 0 Wi, ..., ay„ £ Wi,x N , ..., x N , a, f3). 

The relation > is well-defined because of the ordering of primitive insertions in corre¬ 
lators of type X_i (see (1341) 1. Also, this relation is transitive. We immediately have 

Lemma 6.18. Let X be a correlator of type Co- If there is i € W\ such that we can 
rewrite X as X = , ay, ..., xffff a, (3) with i + 1 E W\, then X can be reconstructed 

from correlators with fewer insertions and correlators Z of type Co satisfying Z > X. 

Proof. Apply the Reconstruction Lemma l4~3l to X with 7 = Xi, 5 = /3, e = a^A 1 , and 
<j) = a. Then ye = ayayA 1 vanishes by (1931) and the other two correlators have the form 
X' = (..., ay A 1 , ■ ■. ,a', (3'). Apply the Reconstruction Lemma 14.31 to X' with 7 = a ', 
5 = /3', e = ay+i, and = ayA 1 1 . The correlators with < f)6 and 76 have the form 
(..., ay+ 1 , ..., *, *}; the remaining correlator looks like X" = (..., ayA 1 1 ,..., a", (3"). 

Perform a similar reconstruction on X" , this time with f = ay A 1 2 • By repeat¬ 
ing the process, we can reduce the exponent of ay + i and eventually, we will have de¬ 
termined X from correlators with fewer insertions and correlators of the form Y = 
{..., Xi + 1 , ..., *, *) with £\ = if — 1 and lJ +] = lf +x + 1. After reducing inser¬ 
tions to the standard basis, all the nonvanishing correlators we get from this process are 
of type X_i. Furthermore, if each such Y is of type Co, then the result follows since 
Y > X. Thus we only need to reconstruct those correlators that are not of type Co- Then 
we must have AAy = 0 for such a correlator Y. 

On the other hand, since X is of type Co, besides ay, X must have at least one more 
insertion Xk, with ay E W\. Since the Reconstruction Lemma 14.31 does not change the 
insertions in dotted positions of X = (..., ay, ..., x^a, (3), we know Y could be 
rewritten in the form of Y = (ay+i, ay, ..., *, *). Since K\y x = 0, we may assume Kjy 1 > 
0, otherwise we do a preparatory reconstruction as (l89l) to get AAy > 0. Thus by Lemma 
16.81 we know i +1 A k and fA 1 = Ik = 1- Then we can repeat the process as in Proposition 
16.121 to reconstruct Y from type Co correlators Z such that Z > X, and correlators with 
fewer insertions. Such correlators Z will be of the form Z = (ay + i, ay + 1 , ..., az, (3z) 
if k < i, or Z = (xj ~, ay, ..., a^, (3z) if k > i. We remark that during the process, 
the ordered pair of inserions (ay, ay) in ( 1 UU 1 ) are replaced by the ordered pair (ay + i,ay) if 
k <i, or by (xfc,ay + i) if k > i. This guarantees that we have Z > X. □ 

By the above lemma, we have 

Proposition 6.19. Let X be a correlator of type Co which is not maximal. Then X 
can be reconstructed from correlators with fewer insertions and correlators Z of type Co 
satisfying Z > X. 
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Proof. Since X is not maximal, we can choose i to be the largest index such that i E W\ 
with i < N and lj > 1 . So X = (..., 37 , x^ N ax, Px) for some mx > 0 . 

If mx > 1, then we apply Reconstruction Lemma 14.31 with 7 = fix, <5 = 27 , e = xx, and 
<f> = x^ N ~ l ax- By Remark 16.91 the correlators with 5(j> and 5 7 are type Co-correlators 
of the form (..., xx, *, *)• The correlator with ey equals (... ,Xj,x 1 J^ N ~ 1 ax,xxPx)- 
By induction reconstruct X from Co-correlators of the form (..., xx, *, *) and the 
Co-correlator Y = (... , 37,077 Py) where mjj = 0 . 

Similarly, we move all xx-i from ay to /3y, and so on, until we move all 27+1 from a to 
p. Thus we reconstruct X from correlators X' of type Co with X' > X, and the correlator 
Z =(..., xi, az, Pz) where mf +1 = ... = mfj = 0 . After reducing to the standard basis, 
Z is of type £0 and mf + nf < — 1 for k > i. 

From here on we will speak only of the correlator Z and drop the Z-superscript from 
our notation. By definition, 

(94) mx + nx = (In — Xx + 1)oat — lx — 2. 

But mx + nx < ax — 1, so (lx — Kx + 1 )ax — lx — 2 < ax — 1. This shows 

(95) K n >Ux - 

V ax - 1 / v a N J ax 

Thus Kx > 0 and we may use Lemma [6.161 This lemma gives us a list of possible vectors 
K which we analyze case by case. In each case, if the correlator is not in the desired form, 
we write the insertions in a nonstandard basis and so that there is some k with 1^ > 1 
and m/j + > a^- Then we use Lemma 16.181 to finish the reconstruction. 

Case Kx = 1: In this case K is a concatenation of (0)s and (-1 ,l)s, followed by Kx = 1. 

If K = (..., —1,1,1), then l = (..., 0,0, *) and m 4 - n = (..., 2ax~2 ~ 2, 0, *) by 
Lemma [631 Then N — 2 > i, but mx ~2 + nx -2 > ax- 2 , contradicting our assumption 
on Z. Similarly, we reach a contradiction if there is j > i such that (Kj, Kj + 1 ) = (—1,1). 

Therefore, K = (..., 0, 0,..., 0,1) and l = (..., 1,0,..., 0, *), where the underline 
marks the i th spot and 1% = 1 by (1751) . Possibly, i = N — 1. If i ^ iV — 1, then by 
assumption (FQ+i,^+ 1 ) = (0,0) so ra, + 77 = 2a* — 2 by (1761) . If i = N — 1, then 
(Ki + \,li + i) = ( Kx,lx) where lx > Kx- Then (1761) shows m; + n* > 2a* — 2 so by 
Property (P3) we know mi + 77 = 2a* — 2. Thus m + n = (..., 2— 2, *, *). Now 

we have three cases. In each case we compute m + n by first using (1751) to compute l and 
then using (1761) . 

(1) K = (... ,0,0,... ,1), m + n = (... ,aj_i,M, ...,*). 

(2) K = (-1,1,..., -1,1,0,-1), m + n = (M, 0,..., M, 0, M, ...,*). 

(3) K = (...,0,-1,1,...,-1,1,0,..., 1), m + n = (..., a r , M, 0,..., M, 0, M, ...,*). 

Here M = 2o — 2 with the appropriate subscripts. In each case if there is a factor of a 
that equals xfff (a will not be written in the standard basis), then we can apply Lemma 
16.181 We find a factor of 37 +Y in a for each case as follows: 

(1) Here a has a factor of Xi -which by (1921) equals x^Yf in Jac (Wi). 

(2) Repeatedly apply (1921) starting with aix “ 1_1 = —x^f- 

(3) Repeatedly apply (1921) starting with a r+ ix r x^fff 1 = — . 

Case Kx = 0: In this case, (1951) shows that lx = 0. Let i be the largest index such 
that ( K{,li ) / (0,0). Since 0 < rn t + n*, equation (1761) shows Kj < lj. Then Lemma 16.51 
shows that (FQ_i, Kf) cannot be (—2,3), (—1,2), or (—1,1). Six cases remain, which are 
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enumerated below. In each case an underline is below the i th index, M = 2a — 2, and we 
computed l and m + n using (fTSl) and ([75]) . respectively. 


K = ( 

...,-L 

1,1 

0 

3 

II 

(...,0,0,2, 

0,.. 

. , 0) m + n = 

(•• 

, M, 0 , M — 1 ,*,. 

K = ( 

• ••,0,1 

0,. 

., 0 ),£ = {... 

,0,2,0,... 

,0), 

m + n = (..., 

CLi— 

1 ,M- 1 ,*,...,*) 

K = ( 

• ••,0,1 

0,. 

II 

O 

,1,1,0,... 

,0), 

m + n = (... 

M 

a% - 2,*,... ,*); 

K = ( 

- - - ,0,0 

0,. 

3 

II 

O 

O 

,0), 

m + n = (... 

CLi- 

-i,M,*, •••,*); 

K = ( 

...,-L 

1,0 

o' 

o' 

(...,0,0,1 

,0,. 

.. ,0), m + n = 

= (• 

• •, M, 0 , M, *,..., 

K = ( 

---,1,0 

0,. 

3 

II 

,^-1,1,0, 

• * * 5 

0), m + n = (. 

• • ? 

*,M, *,•■■,*)• 


Notice that in each case, i is the same as the i we had defined previously. Now the 
discussion is similar to the K]y = 1 case. More explicitly, we have the following situations: 

• The first case here splits into Cases (2) and (3) above. 

• The second and fourth case here are same as Case (1) when Kn = 1. 

• For the third case, (iC_i,iC) = (0,1). As we did for (Ffjv-i, K^) = (0,1), we 
find a factor of a equal to (note the different index). All three cases above are 
possible. Since i = 1, we can apply Lemma f6.181 

• For the fifth case, let r be the last index before the (—1,1) pairs of K. If K r = 0, 
then we can find a factor of a equal to x^ (like in Cases (2)-(3) of (Ajv-i, Kjy) = 
(0,1)). If K r = 1 (but not as part of a (-1,1) pair), then m r + n r = £ r (a r — 1) is 
0 only if £ r = 0. 

Similarly, for the last case, let r = i — 1. Then m r + n r = £ r {a r — 1), which will 
be 0 only if t r = 0. 

If i r > 0, then m r + n r > 0 and as usual we can find that a has a factor a:“A 1 . 

Thus we only need to check for both of these cases when i r = 0. Since A was 
of type 3Co and the reconstruction from X to Z did not change the number of 
insertions in W \, there is some k < r < i such that ^ > 1. But in the indices less 
than r, the vector K is a concatenation of (-l,l)s and (0)s. This means that if we 
truncate the vector K before the k -th place, then the truncated vectors will look 
like the fourth case or the fifth case with K r = 0. So we can use m to find a 
factor of a equal to x^A 1 . 

□ 

6.3.2. Reconstruction procedure. The remainder of this subsection proves Proposition 16.131 
when W\ = x“ J X 2 + x^x?, + ... + x is a chain. 

Definition 6.20. Let X be a correlator of type Co- We say 

• X is of type £i if X = (x n 0 W±, x is 0 Wi,x N , ... , x N , a, /3). 

• A' is of type £ 2 if X = (x N , ..., x N , a, /3). 

• A' is of type £ 3 if X = (x N , x N , a, /3). 

• A is of type £4 if X = (x N , x N , xat-ix^ -2 , 4> w t). 

We will do the reconstruction in four steps. In k -th step, we will reconstruct a corre¬ 

lator of type £k—i from correlators of type £>k, correlators that vanish, and correlators 
with fewer insertions. 

Step 1. We do this by applying Proposition 16.191 

Step 2. Let A be a correlator of type £ 4 . Our discussion breaks into three cases: 

(1) m N n N / 0. 

(2) m ntin = 0 and (OvjO/v) 7 ^ (2,2). 
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(3) mjvnjv = 0 and (£n,cin) = (2, 2). 

For case (1), we will reconstruct X from correlators with fewer insertions and correlators 
of type £t. We may assume uin ^ 0. Let S be the set of insertions x- L in X such that 
Xi 0 W]. If S 7 ^ 0, choose some Xi € S and use the Reconstruction Lemma 14.31 with 7 = P, 
6 = Xi, e = xn, and (f> = a/x n- Then all correlators coming from the reconstruction have 
P_N > £n > 2 . so Kn > 0 (we saw in the proof of Lemma 16.71 that when Kn < 0, we have 
£n ~ 0). Then Remark 16. 91 31 implies that all the correlators have type £o or they vanish. 
Moreover, all these correlators have tun = m * — 1. Repeat this same reconstruction until 
either rriN = 0 in all correlators or S = 0. 

In cases (2) and (3) we must have + tin < a,N — Iso (1951) holds, and K is in the 
form of Lemma 16.161 So Kn is 0 or 1 ; if Kn = 0 then (1951) shows that £n = 0, and if 
Kn = 1 then (1951) shows that £n is 1, 2 or 3. But since X is of type £i we know £n > 2, 
so in fact Kn = 1 and (£n, o,n ) = (2, 2), (2, 3) or (3, 2). 

If ( £n,o-n) / (2,2), then by (1M1) . we get 

WIN + W-N = ^Jv( a iV — 1) — 2 = ajv — L 

We have the following cases, where again M = 2a — 2: 

(1) K = (-1,1,..., -1,1,1), m + n = (M, 0,..., M, 0, a N - 1); 

(2) K = (*,..., 0,1), m + n = (*,..., a N -i,a N ~ 1); 

(3) K = (*,..., 0, -1,1,..., -1,1,1), m + n = (*,..., a r , M, 0,..., M, 0, a N - 1). 

Without loss of generality assume mjv = 0 so un = cln — L Then in every case X cannot 
have Property (P3), so it vanishes. 

If ( £n,cln) = (2, 2), then X = ( x^ 0 W\, ..., Xi s 0 W\, xjv, xn , a, &)■ Since Kn = 1 
and £ = (0,..., 0, 2), a calculation using (1761) and Lemma 16. 161 shows that there is some 
j € IL’i with rrij +n,j > aj. In particular rrij > 0. Reconstruct X as in case (1), beginning 
with 5 = Xi L , 7 = /3, e = Xj, and 4> = a/xj. All resulting correlators have type as dis¬ 
cussed in case (1). By repeating this reconstruction, we can determine X from correlators 
with fewer insertions, type correlators of the form (xn, xn, Xj, ...), and a type 
correlator with the same primitive insertions as X but with rrij = 0 for all j € W\. The 
correlators (xn, xn, Xj, ...) can be reconstructed from correlators (xn, xn, xn, • • •) 
as in Proposition 16.191 The final correlator vanishes by the discussion at the start of this 
paragraph. 


Step 3. Let A be a correlator of type £ 2 - From (1H71) . since £n > 2, we find 


K n > 


aN — 2 
aN 


Thus Kn > 0 and equality is possible only if ajv = 2. If Kn = 0 and aN = 2, then (1871) 
shows that £n < 2, so in fact X is of type £ 3 . 

If Kn 7 ^ 0, then Kn = 1 by Lemma 16.161 Then (1H71) shows £n < 2aN/(ciN — 1), so 
£n = 2 (and X is of type £ 3 ), or In = ajv = 3, or ojv = 2 and £n = 3 or 4. We will 
show that in each case where £n > 2, the correlator does not satisfy (P3) in Lemma 14.41 
a contradiction. 

If £n = cin = 3, then tun + un = 3 aN — 5 = 2 aN — 2. Either ( Kn~i,£n~i ) is (0,0) 
or it is (1,0); in each case, rriN -1 + win- 1 > 1. Without loss of generality rriN-i > 1, so 
that a has a factor of XN-ix a j^~ l , violating Property (P3). 
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Similarly, if on = 2 and In = 3 or 4, we can check all possibilities for K and I and 
show that m + n violates Property (P3). □ 


Step 4. Let X be a correlator of type £ 3 . We know I = (0,..., 0, 2). By (1861) . if 
M = 2a — 2 we have three possibilities for K: 

(1) K = (0,... ,0,0,1), m + n = (ai - 1,.. .,a N - 2 - l,a N -i,2a N - 4). 

(2) K = (-1,1,..., -1,1,1), m + n = (M, 0,..., M, 0,2 a N - 4). 

(3) K = (0,... ,0,0, —1,1,... , -1,1,1), m + n = ( 01 —1,..., a r _i — 1, a r , M, 0,... , M, 
0, 2ajv — 4). 

In all cases, if X 0, we must have 


(96) 


X = (x N , X N , X ™ 1 .. •x 7V (! 1 


m jv-i ajy—2 


N 


a , x 


n 1 


n-N-l a N —2 


P) 


where m* + rii = ai — 1 for i < N — 2 and mjv-i + un- 1 = o/v-i- 

In the first case, both mjv -1 and n/v-i are at least 1. If mjy = ajv — 1, then a = 0 by 
(1921) . since it has a factor of xn-ix ^^ 1 . This shows that win = tin = a n — 2 and (1961) 
follows. 

In the second case, a = xf 4-1 x^ 3 ^ 1 ... x a ^Z 2 l x r J^ N . The relations (f92li show a oc 
X 2 2 ~ 1 x ^ 4 ^ 1 ■ ■ ■ ■ If tun = oat — 1 , we have a factor of a equal to xn-ix 0 ^ -1 , 

and a = 0 by (152|) . Otherwise, mjv = tin = otv — 2 and (15U1) follows. 

In the last case, a has a factor equal to x'^'x^'X 1 ... x^f 2 2 1 x 1 J) N . As before we 
can use the relations (1921) to rewrite this as 1 ... x r f) N . and as before if 

1/0, then (1961) follows. 

Finally, we apply the Reconstruction Lemma 14.31 to X in (1961) with 7 = xn, e = 
XN-ix'ff- 2 , 4> = x ™ 1 ... x ™^ 1 1 ct, and 5 = x ” 1 ... x^Si x^~ 2 B. Then ey and yd have a 
factor of xat-ix^ -1 , and hence both are 0 by (15121) . The last correlator is of type £ 4 . □ 


6.4. Loop Reconstruction. This section proves Proposition 16.131 for W = 0 W, when 
W\ = x“ x X 2 + x 2 2 X 3 + ... + x^xi is a loop. 


6.4.1. Preliminary facts about loop polynomials. First, we have 

(97) aiXi- ix “ I_1 = € Jac (Wf) for i = 1, • • • , N. 

Recalling that 4> w t — fl;=i x“ i_1 , we obtain the following vanishing conditions in Jac {Wf)-. 

( Xj_ix“ ! = 0, 

(98) \ xr- 1 x“ 3 " 1 ...x^_- 2 2 - 1 x^= 0, 2 {TV, 

l / x i) x k = 0, & 7 ^ L (Ar,ai, A:) 7 ^ (2,2,* + 1 ). 

Second, we may apply Lemmas 16.41 and 16.51 and renumber the variable indices so that 
K ends with the exceptional tuple (1), (-1,2), or (-2, 3). Then we get 

Lemma 6.21. If K\y\ = 1 and W\ = x “ 3 + xix 2 2 + ... + x a ^ x\ is a loop, then we can 
number the indices so that K is some concatentation of (0)s and (-l,l)s, followed by one 
of ( 1 ), (-1,2), or (-2,3). The final case can only occur if on- 1 = 2. Also, in the last two 
cases, In- 1 + In < 1 - 
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6.4.2. Reconstruction procedure. As in the previous sections, we define progressively sim¬ 
pler correlator types and perform the reconstruction in a number of steps. 

Definition 6.22. Let X be a correlator of type £o- 

• X is of type £[ if X = (x p , x p ,... ,a, (3) for some p £ W\. 

• X is of type £2 if X = (x p , ..., x p , a, f3) for some p € W\. 

• X is of type £3 if X = (x p , x p , a, (3) for some p € W\. 

• X is of type £4 if X = ( x p , x p , x p -ix p p ", <f-\yr) with p £ W\. 

In /c-th step, we will reconstruct a correlator of type £fc_i from correlators of type £>& 
and correlators with fewer insertions. Each type has A'uy = 1 by Lemma 16.81 31. so we 
will generally not need to check this condition. 

Step 1 . Let A be a correlator of type £o- If there exists some l{ £ W\ such that £i > 2 , 
then we are done. If £i < 1 for all i £ W\, then we will show that for some i € W 1 , we 
have £i = 1 and mi + rij > ai. 

By Proposition 16. 121 we can assume there exist distinct i, k £ W\ such that £i = £k = 1. 
Now assume Kwi is in the form of Lemma f6.211 If some £i = 1 for i < N — 2, then Lemma 
16.61 shows mi + ni = 2 ay — 2 > a*. 

Otherwise, £n-i = £n = 1, and by Lemma ft i .21 1 wc must have Kn = 1. In this case 
Kn- 1 is 1 or 0. But if Kn- 1 = 1 then Ajv -2 = —1 and £n-i = 0 by (1821) . So IOv_ 1 = 0 
and (1761) shows m^~ 1 + njv-i = 2 a 7 v-i — 2 > otv-i- 

Now we do the reconstruction part of this step. Let k £ W\ be any index such that 
£k = 1 and mk + Rfc > a*,. Then X = (..., Xk, Xi , /3) where mu > 1 and i k (we 

do not require i € IT]). Using the Reconstruction Lemma 14.31 with 7 = /3, <5 = Xj, e = Xk, 
and <f = a, we find 

X = (..., x k , x k , /3, Xi a) -(..., x fe , x fe , a, Xi/3) -(..., x fe , x*, a, x fc /3) + 5. 

After rewriting the last insertion in the standard basis, the first two correlators are of 
type £ 4 . We use the same reconstruction on the third correlator until it has the form 
(..., Xk, Xi, a, x™ k (3), where 5 is a monomial in the standard basis with no factor of 
Xk- When we rewrite the last insertion in the standard basis, we find that m*, + n*, < a*,. 
This contradicts Lemma 16.81 if Any = 0, so K\v 1 = 1- Then either the third correlator 
is of type £ 4 , or it has some k' such that £# = 1 and + nk’ > ay. We can repeat 
the same reconstruction, moving all x' k from a to (3. Eventually, we will run out of such 
indices, showing that the third form eventually vanishes. 

Step 2. Let A be a correlator of type £ 4 . This step is similar to Step 1. Since £ p > 2 , 
we know that p is N or N — 1 by Lemma 16.61 Then Kj\r = 1 by Lemma 16.211 We will 
show that m p + n p > a p . Then the same reconstruction argument as in Step 1 gives the 
desired result. 

• If p = A — 1, then (|82l) implies AW-i = 0 and ([76]) implies m p + n p > 3a p — 4 > a p . 

• If p = N, then using I76l) we compute m p + n p > £ p (a p — 1) — 1 — Ap + 4 , since 
£p+i > 0. If K p+ i = —1, we are done, since £ p > 2 and 2 a p — 2 > a p . If A " p+ 4 = 0, 
then m p + n p > a p unless £ p = 2 and a p = 2 . 

Now we address this exceptional case. 
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Exceptional case: Let X be a correlator of type £1 with (p, K p . £ p , a p ) = (N, 1,2,2). If 
X is not of type £ 2 , there exists an index i / N, such that 

(99) X = (x N , x N , Xi, a, /3). 

We claim that £n—i = 0. From Lemma 16.211 we know that Kpj-i is 1 or 0. If K^-i = 1, 
then it is part of a (-1,1) pair, so (1821) implies that £n-i = 0. If K^~ 1 = 0, then (1781) tells 
us that In-i = 0 . 

Next we claim that we can find a' oc a and ft oc /? in Jac(VF r ) such that 

( 100 ) n ' N -2 > 0 and m ' N _ 1 + n' N _ l > ajv-i- 

This a' and f3' may not be in the standard basis. 

If iL/v-i = 0 then in fact we may take a = a' and /3 = /3 r . For in this case (1761) implies 
m tv —1 + fiN—i = ajv-i- If Wi is a 2 -variable loop, then similarly mjv + njv = 1 , and we 
get (HOOD . If not, then K ^-2 = 0. Otherwise we will have (ILjv_ 3 , Kn-i) = (—1,1) and 
0 v _3 = In -2 = 0. Then (1761) would force uin -2 + n-N -2 = — 1 which is nonsensical. So 
iOv -2 = 9 and (USD implies tun -2 + njv -2 > 1. Thus again we get CLQQD- 

If K^~ 1 = 1, then (FCjv- 2 , K^-i) = (— 1,1) and K = (..., 0, —1,1,... , —1,1,1). Here 
the 0 is the last 0 before the (—1, l)-sequence; say it occurs at the r th spot. We know 
from (fT 6 l) that 

m + n = (..., t, 2 a r+ i - 2 , 0 ,..., 2 cln ~2 ~ 2 , 0 , *) 

where t > a r . Then we may assume a has a factor of x r x a r 'X 1 ... x^J " 2 2 1 . Using the 

relation in (|97D, this factor is proportional to a multiple of x°^_^. Let a' equal a with 

this replacement, and let /?' = 0. Then m ( v _ 1 > ajv-i and n ' N _ 2 = a ^-2 ~ 1, and (HOOD 
follows. 

Finally, we use the Reconstruction Lemma 14.31 with 7 = (3, 5 = Xj, e = xn- 1 , and 
0 = a" where a' = xn-i ol" to get 

X (■ ■ • , X^ X]\f) X]y — 1 ? XiOL , /5) (. . . , X 7 V? X TV, — 3 , Cl , 37 /?) 

+ (..., X7V, sjjv 1 a", 3W-1/3) + S'- 

After reducing the insertions of the first three correlators, by Remark 16.91 (31 they all are 
of type £1 if they are nonvanishing. By Lemma 16.211 they have ify = 1 . As discussed 
earlier, a nonvanishing correlator in the form of (|99D with = 1 must have In-i = 0. 
Thus the first two correlators vanish. Use the same reconstruction on the third correlator 
until n/v -1 = ajv-r We still have n ^-2 > 0, so now /3 contains the factor xn- 2 %, 
which is 0 by (I98D . So the third correlator is also zero. Thus we have reconstructed X 
from correlators with fewer insertions. □ 

Step 3. Let X be a correlator of type £ 2 , so = 0 if i / p. Since X is also of type £ 1 , 
we know Kn = 1, and p = N — 1 or N from Step 2. 

If p = N — 1, since £ p ^ 0, then (1821) implies K p 7 ^ 1. Thus K p = 0, K p+ \ = 1, £ p+ \ = 0, 
and fl? 6 P implies that m p + n p = £ p (a p — 1) + a p — 2. Thus Property (P3) in Lemma ITT 
implies that £ p < 2 where £ p = 2 if and only if a p = 2. 

If p = N, then I\ p = l,£ p+ \ = £\ = 0, and K p+ 1 = K\ = 0 or — 1. Then (1761) and 
Property (P3) in Lemma 14.41 imply m p + n p = £ p (a p — 1) — 1 < 2 a p — 2, so £ p < 3. If 
£ p = 3, then a p = 2 and K p+ \ = 0. In this case 

X = {x N , x N , x N , a, /3). 
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We will reconstruct X from correlators with fewer insertions. Since Property (P3) in 
Lemma H3 implies mjv + n n < 2a,/v — 2 = 2, by (1551) . there is no 1 before any 0 in the 
vector K. So there are two possibilities: 

• K = (0,... , 0,1), I = (0,... , 0,3) and m + n = (ai — 1,..., a^-i + 1,2). 

• K = (0,..., 0,0, — 1,1,... , — 1,1,1), I = (0,..., 0,0,0,0,... , 0,0,3), and m + n = 
(ai — 1,..., a r _i — 1, a r , M, 0,... , M, 1,2). 

Here M = 2a — 2, with the appropriate subscripts. In the first case, mjv = njy = 1 
and both mjv -1 and njv-i are at least 2 (note that ajv_i 7 I 2 in this case since that 
would imply a./v_i + 1 = 3 > 2ajv_i — 2). We can choose a so that tun -2 > 0. Now 
apply the Reconstruction Lemma fOl with y = a, 5 = xn, e = x^Si \ and <f = /3/e. 
Thus a contains x‘j^_ 1 X]y and cf contains xn-ixn- Then c j>5 and yd both have a factor of 
xn-\x 2 n , so they vanish by (1351) . Similarly ye has a factor of xn^x^p/ = 0. 

In the second case, again m.jy = tin = 1. Without loss of generality we can assume 
that tin-\ = 1. Apply the Reconstruction Lemma with y = a, 5 = ayv, e = ay+i, and 
(3 = e<j). Then 5(f) has a factor equal to xm-\x 2 n , which equals 0 by (1351) . Similarly, ey 
has a factor equal to x r x r 'ff = 0. Finally, in the third correlator, dy has a factor equal 
to x r x° r 'X 1 x° r r ^ 1 ... x^X^ ^jv- As in the exceptional case in Step 2 , we can use the 
relation (1971) to rewrite the first terms to have a factor x^p/ • Since this is multiplied by 
x° n n , it is zero by ([35]) . □ 


The last step will use the following lemmas. 


Lemma 6.23. If the correlator 

(101) X kji = (x k , x u a 4 > w t / Xi), a € Jac(IT T - Wf) 

is of type X_ 1 then it can be reconstructed from correlators of type £ 4 . 


Proof. If (N, ai) = (2, 2), then up to symmetry W\ = xfx 2 +x\x 2 and X = (ay, X 2 , xf~ 1 X 2 , ax“ _1 ). 
If a = 2, then X is already of final type. If a > 2, the result follows from a reconstruction 
as in (1351) and (1331) in Section 15.1.51 

Now we assume (IV, cy) 7 I (2,2). We apply the Reconstruction Lemma 14.31 to the 
correlator Ai = (ay, ay_i, x°/ l ~ , 4> w to.) with e = ay, (f = ay 1- , d = ay_i, and y = <f> W Ta. 

Because yd = ye = 0 for degree reasons. Also we know 

( 102 ) Ai = (ay, ay, ay_iay i-2 , 4 > w ra). 

By Dimension Axiom in Lemma 14.11 if Ai is nonzero, then it is a correlator of type £4. 

Now let us start the reconstruction. Let X k i be the correlator in (11011) . We replace 
Xk-ix/f l with — x/f/f/ /a k in X k ^ using the relation ([371) . and then apply the Reconstruc¬ 
tion Lemma 03] with d = x k , e = x k +i, 4> = x * , and y = a </>\yT /ay. 

If i 7 ^ k, k + 1, the terms with yd and ye are both zero by ([351) . and 


(103) 
For k 

(104) 

(105) 


X k ,i = - (x k+ i, Xi, x k xl k +/ \ a4> w r/xi) = 

a k 1 

= i — 1 or k = i, one of yd or ye is nonzero, and we get 

Xi-i,i = -— (Ai + (x^ Xi, Xi-ixf^ 1 , a (/> w t/ xi)) 

CLi-l V 1 > 

Xi t i — — |_i T (xj-|_i, Xi, ayay, OL (fwT / xf/'j 


Xk-\-l,i 

dk 


Ai + Xf-i 

&i—\ 

—Aj+i + Xj+ij 

Q>i 
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Combining (11031) . (11041) . and (I105D . we find 


2—1 


x k ,i= n 


r=k 


l 

CL r 




r=k 


r— 1 




k,i’ 


Using (I102D we know X k j can be reconstructed from correlators of type £ 4 . 


□ 


Lemma 6.24. The correlator 

X k = (x k , x k _ lX a k k ~\ a, P(/) w t), a,/3 E Jac (W T - Wf) 

vanishes. Furthermore, the correlator 

Y k = (x k , x k , x k -ix a k k ~ 2 a, <j> W T0), a,/3 G Jac (W T - W[) 

can be reconstructed from correlators of type £ 4 . 

Proof. In Xk t i, replace the insertion x k -\x^f~ l with —x k k f^/a k in X k l using the relations 

(1971) . and then apply the Reconstruction Lemma [4441 with 5 = x k ,e = x k +i,(/> = x k k T± 1 , 
and 7 = [3 (fwf ■ Via a similar argument to the one used in the proof of Lemma 16.231 we 
have 

N / l\ 

*=n (-*)*■ 

r —1 7 

Then X k = 0 as desired. Now apply the Reconstruction Lemma to Y k with 5 = x k ,e = 
a, (f> = 27 ^// , and 7 = (3 4> w t. We know 7 J = 0 for degree reasons. The term with £7 is 

of type £ 4 . The term with is X k +\, which we have seen is 0. □ 

Step 4. We saw in Step 3 that if X is a correlator of type £ 3 , there are two general 
possibilities for K: (0,..., 0, —1,1,... , —1,1,1) and ( — 1,1,... , — 1,1,0,1). In the first 
case, p = N\ in the second, p = N — 1. We will (a) reconstruct the second case from the 
first case, (b) reconstruct the first case from correlators with K = (0,... ,0,1), and (c) 
reconstruct these last correlators from the correlators of final type. 


Step 4a. Assume K = (—1, 1,... , —1, 1,0,1). We saw in Step 3 that p = N — 1 and 
a p = 2. Let a\ and f3\ be the factors of a and (3 in W\, respectively. By (1751) . we know 


m + n = ( 2 ai - 2 , 0 ,... , 2 a p _ 2 - 2 , 1 , 2 a p - 2 , 0 ), 
so without loss of generality f3\ = 07 / 27,-1 and 


d-n 1 


0,2 —1 CL4 —1 


x p— 1 x p+ 1 


Cl 1 — Xq • • • Xp 2 Xp—lXp OC X<2 ^4 • • • 3 

Apply the Reconstruction Lemma to X with 5 = x p , e = 27 ,- 4 , 7 = /?, and <f> = 


,. 02 - 1 - 04-1 
L-o X 


. . . X 


Q,p — 3 1 Op —1 1 Op-|-l 1 


P -3 


X. 


P -1 


X. 


P +1 


We can check that the correlator with 67 is of 
type £3 and K = (0,..., 0, — 1,1,... , — 1,1,1, 0). It fits into the first case by shifting the 
index by 1. The remaining two correlators are 


A = (x p , 27 ,- 4 , qa, /3 a ) and 


where 


oa = x 
olb = x 


02—1 
2 

02 — 1 
2 


- 04 -I 
-k 4 

-04-1 

^4 


dp —1 1 dp -\-1 1 1 

• ‘ ‘ X p -1 X P X p +1 <* > 


T a p-i 1 
x p~i 


Op+l 1 

x p+l 


a 


B — ( 27 ,, x p — 1, opj, (3b), 

a. _ Ai-l/3-1 Op_2 l Op 1 pt 

PA -2-1 2.3 ... X p _2 x p P , 

/3 S = xf-'xl 3 - 1 ... x^sr 1 Xp P V ■ 
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Apply the Reconstruction Lemma to B with 5 = x p , e = 
Then we get 


(106) 


B — (\Xp—l, Xp— 1, Xy 


... x, 


p -1 


x p x p +l 


a 


x p - 1 , 0 = a B /x p - 1 , and 7 = Bb- 


x 


ai — 1 
1 


X 


a 3 — 
3 


1 


%>-2 — 1 
X p -2 



Since 67 has a factor of x p -ix p p , this monomial vanishes. Also 7 6 - 
apply the Jacobi relations beginning with x p p = (—a p _i)x p _ 2 ®p J T 1 1 1 


7 J oc x! 


a2 —1 a.4 —1 


Q'p —1 1 2 ®p+i 1 

/Y> r 7* r 

Xp— 1 X P J 'P+1 


= 0 because we can 
to get 


This has a factor of x p _ix p = x p _ix p p = 0. Now we write the last insertion of (11061) in the 
standard basis (it equals a ^ 2 ” 1 ^ 4-1 • • ■ Xp'-i 1 x p Xp P ^ 1 /3 / ). Then B is of type £3 with 
the vector K = (1, —1,1,, —1,1,1, 0, —1). Again, B fits into the first case by shifting 
the index. 

Now apply the Reconstruction Lemma to A with 7 = x p ,e = x p _ix p , (f> = oa/e, and 
<5 = Ba- Then 67 = x p _i x p p = 0 . The remaining correlators are 


„ai—l„a2—1 

Jsn 


dp —1 2 dp 1 dp ~|—1 1 ff\ 

xJ_ 1 Xrf xJ\, a ) 


D — Xp, Xp—iXp, X x 0^2 • • • ^p— 1 ^p "^p+l 

and E = (x p _i, x p _iXp, ole , /3e) with 

= x^x* 4 ’ 1 ... Be = x?- 1 *? 

Now D can be reconstructed via Lemma 16.231 For E, apply the Reconstruction Lemma 
one last time with e = x p _i, <f> = x p , 5 = cxe, and 7 = ft e- Then €7 has a factor of x p _ix p p 
which is 0. Also, the correlator with equals B, which we already saw satisfies p = N. 


a p —2 l^, a p B l 
C p -2 


■ ■■XTlo' Xp p /3. 


Finally, 7 5 = x “ 4 


... x, 


p -1 


x™ X, 


P+1 


is 0 by (1981) when (IV, a p _i) 7 ^ (2,2). If 


(IV, o p _i) = ( 2 , 2 ) then the correlator with 7 6 is of type £ 4 . 


Step 4b. Now assume K = (0,..., 0, —1,1,... , —1,1,1) and p = N. Let a\ and Bi be 
the factors of a and f3 in W\. If K 7 ^ (0,..., 0,1), we claim that we can find monomials 
o! x oc ai and /3[ oc j3\ (ct^ and /3[ may not be in the standard basis) such that 

m',j + n[ = ai — 1 for i < N — 1 

(107) (to' y _i , n' N _ l . m' N . n' N ) = (a N -i,0,a N -2,a N - 1) 

and 


(108) x n (3[ = 0. 

We find o\ and B\ by analyzing the possibilities for K. 

If K = (-1,1,...,-1,1,1) then 

m + n = ( 2 ai — 2 , 0 ,..., 2 cln -2 — 2 , 0 , 2cln — 2 ), 


so 


_ a 1—l„a3—1 


OR = Bl = X\ 


Xn 


. . . X 


“iV-2 — 1 a N — 1 


N—2 


b N 


Then xnBi = 0 by (l98l) . We may take B\ = Bi and 


ai oc aq = x 2 


a2 —1 ^0.4 —1 


X 


a N-3~ l^, a JV-l ^ajy — 2 
TV—3 


X 


TV-1 J/ TV 


x“T" € Jac(VFf ). 


If K = (0,..., 0,0,-1,1,... ,-1,1,1) then 

m “I - n — (^1 1, • • •, dp —^ 1, CLp , 2o.p-|_i 2,0,..., 2 cljsj — 2 2,0, 2 cijy 3). 
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We can assume that 


m i 

a i = x 1 ... x ri 


m,— 1 m r ^r+l 1 &r +3 1 a iV —2 — 1 ajy —2 


■''r x r+l 


X 


r+3 


. . . X 


AT-2 


X 


AT 


Since m r + n r = a r , we know that m r > 1. Then we find that 


m\ 


cx x 1 ... x r _ 1 x r 
Secondly, in this case, 


-1 —l„ a r+2 — 1 


a N-3~ 1 „ a iV-l a N— 2 


■>+2 


, X A r _ 3 X 


JV—1 


xjv/3i = x” ] 


—1 TT-r- a r+l 1 a r+3 1 


rv» rp I rp 

1 —1 x r x r+l 


V+3 


. . . X 


a N-2 — 1 „ajv 


AT-2 


N ■ 


Then 


o m n r — l n*. —1 a r +2 — 1 

X IV Pi OC X3 . . . X r _i X r X r+ 2 ...X JV _ 3 X 


ajv—3~1 ajv-l „ajv 


AT-1 


= 0 


because it has a factor of xn-ix^ . Thus we may take /3( = /3i and 


ai = x™ 1 


— 1 fflr+2 — 1 


X, 


r+2 


„ a N-l a N -2 
' X Y-1 


Having found monomials a^ and f3[ satisfying dinzD and (11081) . in the correlator X 
replace ay with ay in a, and similarly with j3. Let a' = a/a and (3' = f3//3[. Apply 
the Reconstruction Lemma fPl with 5 = xn, 7 = (3, e = xn-i, and <fi = a/e. Then the 
term with ye has K = (0,..., 0,1), as can be checked by computing m + n (note that all 
elements are already in the standard basis). The term with y<5 vanishes by (11081) . The 
final term with dej) has the form 

(xjv, xjv— 1, xf 1 ... x^x^Ji 1 1 x t $ r ~ 1 a', /3). 


Apply the Reconstruction Lemma again with 7 = xjv, 5 = (3, e = xn-ix^ 1 , and 
4> = X™ 1 ... x™0 2 2 x ^ ] 1 "a'. Then ye has a factor equal to xn-ix 1 //', so this correlator 
vanishes. The correlator with 7 5 also vanishes by (11081) . Finally, by (11071) . the correlator 
with 5(f> is in the form of Lemma 16.231 


Step 4c. Finally, we reconstruct correlators X of type £3 with K = (0,..., 0,0,1) from 
correlators of final type. For such X, 

m + n = (01 — 1,..., ajsr -2 — 1, oat-g 2 ajsr — 3). 


Thus both rriN-i and n^-i are at least 1, and we can assume = oyv — 2 and tin = 
ajy — 1. If m = (0,... , 0,1, ax — 2) we are done; otherwise there is some i such that m; 
is larger than it should be. 

Apply the Reconstruction Lemma with d = xjv, 7 = /3, e = Xj, and 4> = ot/e. Then 
7 5 has a factor equal to xjv-ix^, which is 0. We can check that the correlator with 
ye is of type £3 and K = (0,..., 0, 0,1), but deg(a) < deg(ax)- So if we use the same 
reconstruction on this correlator, eventually the second form in the reconstruction will be 

(xj, Xi, Xi- ix“ i_2 a, (/) w t( 3}, a,(3e Jac(W T - Wf). 

This correlator can be reconstructed from correlators of type £4 by Lemma 16.241 
The correlator containing 5cj) equals 


(xjV) Xi, X3 


7711 


• • • Xi 


mi-1 


m N-ia N — 1 / 

„ a , 




„ n N-l ^ajn—1 pi 


Here a' and (3' are the factors of a and f3 not in W\. Apply the Reconstruction Lemma 
with 7 = xjv, 5 = (3, e = xat-ix^ - 1 , and 4> = a/e. Then yd and ye vanish because they 
have a factor equal to xjv-ix 1 ^. The final term with 5(f> is in the form of Lemma [6.231 □ 
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